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ABSTRACT 


In this thesis, we study several problems concern- 


ing group rings over arbitrary coefficient rings. 


Chapter 1 investigates the dimension subgroups of 
G- over, general coefficient rings. R.. We show that the 
n'th dimension subgroup of G over R _ can be expressed 


in terms of the dimension subgroups over Z and Z " for 


e p 


Sec) Om ae 


In chapter 2, the result on dimension subgroups 
is applied to the study of residual nilpotence and to the 
intersection theorem as it applies to the augmentation 


ideal OL a group rang . 


In chapter 3, we study the units and Jacobson 
radical of certain very special group rings. In the case 
of units, we are concerned with right-ordered groups. In 
the case of the Jacobson radical, we restrict ourselves 


even further to G infinite cyclic. 


These results are used in chapter 4, where we 
study the problem of whether or not R<x> = S<x> implies 


Ree ope wheres <x= 1S an) infinatescyclac orcup, 


Chapter 5 deals with problems pertaining to the 
usual isomorphism question, namely, when does’ RG = RH 


inp iveemc =H. We firsts show.ethat storm cértainsinteqral 
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domains and finite groups G, the normal subgroups of G 
can be "located" equationally in RG. We also obtain, 
by studyingsthe units of aes isomorphism invariants 


of ae whens G ensya finite p-group. 


In chapter 6, we present a non-Archimedian analogue 
of the well known hi (G). When R is a valuation ring, 
complete with respect to the induced metric, we extend the 
usual definitions of) al group) ningsitot adel owirantinitely many 
group elements with non-zero coefficients, providing the 
coefficients approach zero. -We investigate the algebraic 
properties of these extended group rings in the case where 


Ras the fLreld of p-adie numbers on Che ring ‘ol p-adic 


integers. 
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INTRODUCTION 


We are concerned in this work with several problems 
concerning group rings over arbitrary coefficient rings. 
If a ring R has characteristic zero, we know that the 
GrOUpmEings hCG ecanm be wealized as 8h) ZG. 1G as ct 
clear, however, how certain very rebels ier structures, 
such as dimension subgroups for example, are affected by 
this procedure, and it is this type of question which we 


try to answer. 


In Chapter 1, we study the dimension subgroups of 
G for general coefficient rings R. The main result of 
this chapter (Theorem 1.2) gives the structure of the n'th 
dimension subgroup of G over R in terms of the dimen- 
sion subgroups over Z_ and ane for suitable or in 
this way, we show that the dimension subgroups are 
dependent only on the primes p_ satisfying p- € ere 
and the smallest values of such n., This result was 


previously obtained by Sandling [34] under the assumption 


that the dimension subgroup conjecture holds. 


The primary technique in Chapter 1 is an applica- 
tion of the polynomial maps. concept of Passi [27] to the 
problem at hand. This, together with some calculations 
involving invertible primes in certain homomorphic images 
Clee Rye Gives thelrequired result. “Atethe end or the 


chapter, we present a first application of the main result 
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to the study of free presentations of groups. 


In Chapter 2, we apply the results of Chapter l 
to the study of residual nilpotence and to the inter- 
section theorem. More precisely, we examine when 
9 A, (G) =f Jeeand! when [n dp (G)] (1 —tis)) =a0e conmsome 


dire A, (G). 


The study of residual nilpotence was taken up in 
earnest by Gruenberg [15]. Our main result (Theorem 2.5) 
says that if G is finitely generated, then 


n A> (G) =0Gn0OD ~(G) = 1@®6G is residually a finite 
n Dp n Ry A 
p-group, where Z5 is the ring of p-adic integers. This 


implies the result of Bovdi [4], who showed that if G 
is finitely generated and contains a generalized p-element, 
then 5 A, (G) =2.0 unites anda onlyente0G Os mesiduadly: a 
finite p-group. We also extend a theorem of Mital [25] 


from the integers to commutative rings R_ satisfying 


n 
n RA=z0r 
Les. 

The problem of determining when q A, (G) 
annihilates 1- i for some i Ap (G) has previously 
been investigated by Smith [42]. Our main result here 


(Theorem 2.13) gives necessary and sufficient conditions 
for suchtan Gaelto existewhenol Rt=@ Z) mandeaG Fasiaatinately 
generated group with a torsion element. Smith proved the 
result when, in addition to the above restrictions, G is 


assumed to be nilpotent. We also obtain necessary and 
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SUipic ten berconditwonse Hor ;muchiansors echoexiistawhen(ep Res Z 
and G is finitely generated, and when R_ is an arbitrary 


commutative integral domain and G is finite. 


In Chapter 3, we study the units and Jacobson 
radical of certain group rings. In the case of units, we 
are concerned with RG where G is a right-ordered group. 
In the case of the Jacobson radical, we are only concerned 
with G infinite cyclic. These rather specialized problems 
are studied here for two reasons. Firstly, we wish to see 
how the techniques and results of Coleman and Enochs [9] 
and of Amitsur [2] for polynomial rings carry over to 
group rings. Secondly, some of the results are required 


in Chapter 4 for the study of isomorphism problems. 


As far as units are concerned, our main result 
(Theorem 3.1) shows that if G is right-ordered, then 
Caer Uh LeSt.Or me Ross ot emurtt yl chive! 1a Rend nOndwy ali, . io has 
no non-zero nilpotent elements. In this case, the situation 
looks very much like the polynomial ring result. However, 
the situation is much different when one investigates 
automorphisms of the infinite cyclic group ring R<x>, 


and we prove one result to illustrate this. 


Our goal in the case of the Jacobson radical was 
to obtain an analogue of the result of Amitsur [2] for 
polynomial rings. We offer some progress on this quest 
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an equivalent formulation of the conjecture that J(R<x>) = 


(J (R<x>) AR) <x>. 


Chapter 4 deals with an isomorphism problem for 
group rings, namely, when does RG = SG imply R= S. 
Again, our particular interest is in the case where 
G = <x>, an infinite cyclic group, and in the comparison 
of this problem with the polynomial ring problem R[x] =~ 
Sixd 3 R= S. The main result here (Theorem 4.4) says 
that if R and S have perfect centres, then R<x> = 
S<x> implies R= S. We also show that if R and §& 
have no nontrivial idempotent or nilpotent elements, then 
R<x> = S<x> implies R can be embedded in S and S§S 
can be embedded in R. Finally, we show that Hochster's 
example of two non-isomorphic integral domains with 
isomorphic polynomial rings does not yield isomorphic in- 
Pouce cVCLT OC) CLOUpEEINGS se nepart UCuLar,s sR ix) uo Lx] 


does not necessarily imply R<x> = S<x>. 


The fundamental technique used in this chapter 
tse LhesooSserVatlonstiat wie Osh oss) ox) LSe ana Sonor 
phism, then somettmes an S-algebra automorphism 8 of 


Sax Can be: fLound such that. eoix) = x. 


In Chapter 5, we consider the more usual isomor- 
phism problem, namely, what does RG = RH have to say 
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interest is in extending the integral group ring results 
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to more general coefficient rings. Sehgal [38] showed 
that a finite normal subgroup H of a group G can be 
Hientrrrecce i the group ring (actually f= 9) hh as 
located) by the conditions x central, x? Ha" 0 mere Oo; 
xX, = 1. We show that this result extends to a class of 


commutative integral domains large enough to contain z 


when G is a p-group: 


We also show that in a very special case non- 
normal Sylow subgroups can be identified in the above 


manner. 


Also in this chapter, we extend a result of Sehgal 
[s7 iP concerning central units in flee: where G isa 
finite p-group, from p-groups with property C to 
arbitrary finite p-groups. As a consequence of this, we 
show that certain numbers &, are isomorphism invariants 
where Ls is the number of conjugacy class sums K of G 
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Chapter 6 is concerned with a somewhat different 
problem than the other chapters. We define £(Q, 78) = 
{} agI | ay € Qn, ) ae o},i.e. the sum converges with 
respect to the valuation on a, where om is the field 
of p-adic numbers, and we study the algebraic properties 
Giethis bing ana) ofeite cubbing A(Z0 1G). In other words, 
the usual idea of a group ring is extended to allow 


infinite sums dependent on the convergence in the 
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coerivcient ying... [hescorresponding structure over the 
complex numbers is the well known Rj, (G). The usual group 
ring proofs yield many results about L(Q, 7G) and 

u (2,46), and such arguments are either omitted or only 
briefly sketched in the chapter. Other problems require 
different proofs, the most useful technique being the 


observation that CAG C) 22 ante n&: 
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Notation 


Throughout this work, R will be a (not necessarily 
commutative) ring with 1 and G will be a group. ‘The 
group ring RG is defined to be the set of all finite sums 
Lr yd with ry i 2 wand ed. eaG swith pointwise couality, 
addition defined by lr gg i Ls,g = se = $4) 9 and multi- 


lication detined b ic Samy) toe) ke 
p ine tel) qh) h ) 1 ) 5 1) 


gh=k 
With any group ring RG, there is associated an 

augmentation homomorphism e« : RG > R_ defined by 
e()r9) = lrg. The kernel of this homomorphism is called 
the augmentation ideal of the group ring and will be denoted 
by Ap(G). By definition, Ap (G) = (}rygllry = 0}. 
Equivalently, Ap (G) could be defined as the ideal generated 
by ig - 1llg ¢ G}. I£ H is a subgroup of G, the 2-sided 
ideal of RG generated by {h - l/h ec H} will be denoted 


by A, (G-H). 


We recall here two very fundamental results which 


will be required in future chapters: 


Lemma. (Ry @ R,)G = R,G @ RG. 


Proof. Define o(}(r.,8,)9;) = ()r.9,,)8,9,)- Then o is 


an isomorphism. 
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Lemma. R(G, SOG 2 (RG,)G.- 
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Proore |Define o()r.(g,,h,)) = Y(rg,)h,. Then o is an 


isomorphism. 
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CHAPTER L 


Dimension Subgroups Over Arbitrary Coefficient Rings 


The n'th dimension subgroup Dd (G) of the group 


R 
Lf 
G with respect to R is defined to be, {g ¢« Gig - lie 

Ap (G)}. This definition is based on the concept of dimension 
subgroups of free groups introduced by Magnus [23] and 


Zassenhaus [44]. The following fact about dimension sub- 


groups is well known: 


Lemma 1.1. DR on Re S dD, (Cy) tor -ale * nem. 


rity ks 
PEOOn. Let. gle Da, R!e) and ~h << DB eh Then 
Ig,h]-1 = ghg th 4-1 = (gh - hg)g ’h*? = ((g - 1)(h - 1) - 
(Me Li(qee eigen eon a ere 


R 


In particular, since (G) = G, we see that 


SUA 

Dee poe form a descending central series for G, and 
v 

Gana DD (G) where G is the n'th term of the lower 

n n,R n 


central series of G. 


im the @ase that) R= 92, the ring of rational 
integers, a long-standing question has been whether or not 
Dd, 7 (G) = GC. for all n. The statement that this is in 

f 


fact true is the so-called dimension subgroup conjecture, 


and the exciting history Of this problem can be found an. [238]. 


In this chapter, we determine the structure of 


dimension subgroups with respect to arbitrary coefficient 
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rings in terms of subgroups of the type DF 7S) and 
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D (Gye Wiehe te, lo tie ringeot antegers module 
nN, Ze p 
Our theorem is the following: 


TVCOLem@ ieee “Lee oR bela rings with J and fet char R = 0. 


Then Do RS) Leche pLloduct Of alin (G)a@ en Gamou 
So) fi i ce 


Dz (S)) over all primes ‘p satisfying p"’R =p R 


nieZ 


for some n, and where e(p) is the smallest such Di 


If no such prime p exists, then Do R (SG) is equal to 
7 

Dewey S Ma 

Note. If sm is any collection of rational primes, then 


TAG mod Do z(G)e the set of elements g « G~ such that 
v 
Gi alic Dd z, (S) for some number a divisible only by primes 
7 


in 7, iS a subgroup of G (see, for example, Scott 136]). 
Theorem 1.2 was proved for commutative rings R by 


Sandling [34] under the assumption that the dimension sub- 


group conjecture holds. 


The char R #0 case has already been completely 


solved by Sandling [34]: 


Theoanen si. -— Wt gee Hise amine wath deiand Charm Ri =er 7 0, 
then Deine = Bi forsallynn, where Z is the ring 


of integers modulo r. 


Note that Sandling stated the theorem for commuta- 
tive Fings Rk, but the same proot goes through in the non- 


commutative case. 
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Before we present the proof of Theorem 1.2, we will 


recall several preliminary results. 


Pirsct recall [27pRehat @ map "£:G 4,047 ‘is called 


a Z-polynomial map of degree <n- 1 if the Z-linear 


extension of f to ZG vanishes on A, (G). The following 


result can be found in [28]: 


Lemmavl.4., set, She=— <x er ay (G)> bewa cyclic subgroup Of 


dz (G) 


= where x ¢«G. Let p be a rational prime. Then if 
AG) 
Z 


either H is torsion-free or p||H|, there exists a Z- 
polynomials map fsG = 0/72 > such thatethe order of f(x) 


SGuaLeump eLn 907 7. 


Broot. LPSincée,. @/2% contains hvelements) of all Sinite erders; 
we.Gan=construct ja homomenphisme oa * HG? .0/Zmesuch that 
@(x=1 4 a (G)) has orderanp t(by thelassumptions on onH) 


Since Q/Z is divisible, we can extend a_ to 


ee) 
a. 2VO/7ebiz2).* Detiner £2646 -tO4a. by 
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A, (G) 

Z 
f(g) = a(g-1 + A, (G)). Then £ is a Z-polynomial map of 
degree <n - 1 andthe order of f(x) = f(x - 1) = 
Dine tih ax Ay (G)) iseequad ‘toytpiemihissecomplenes thegproore 
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Proof. By a lemma given before, we know that (Ry @ R,)G ~ 
R\G ® RG. Hence, by taking homomorphic images, g « 


D (Gy emp la esr egte Dp (G) rand =< Dd, (G). Conversely, 


gla es n,Ry, 
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(G), then the above iso- 
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morphism yields g « Ds Rio): 
Ud 


The following lemma appears in a more general form 


Ta lates 
Lemma 1.6 (P. Hall). Let Q be the field of rational 
numbers. Then D (CG) =e) = (eG modeD (G)), ‘the torsion 
n,Q n,4 
subgroup of G modulo Dd 7 (G) - 
a 
Proot. het yx Gale i (Gamod Dd z(G))- Then x* -le A’7 (G) 
’ 
for some |k. -Using the binomial. theorem, (x - 1 + lee i= 
k(x - 1) + ./. + (xe - 1% ¢ ahis), so x-2b=- eG) - 
er Pe ear = (x - ne + s where Se do (G) . Hence 
x - le Ae (<x>) ~ do (G) and this implies by iteration that 
Se ee a5 (6) as required. 
Conversely, Liqjx = hve a5 (G) then eazi(xe-mise < 
n ; Ze n 
A, (G) for some integer z and x lee M7 (G) £OG 


Suitable m. This completes the proof. 


The proof of -the mext lemma is;»the same as the pproof 
of Theorem 1.3. We are not presenting either here because 
the arguments are indicated in Sandling [34] and are not 


required again in this work. 
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Weare now ready to ,tackle the proof of Theorem 1.22. 


Proot fof ‘Theorem 1.2. 


Case I. Assume that (R,+) is torsion-free to begin with. 
; ; : n eeedl ; 
Die Cl Sees) Gude hon ses Oe he ia Re inpltes, that po 
LS a uUniteine eRe sandenence —e(p) = "0 "for val “po.” Hence 
the result becomes DR?) = TT (G mod De) where 


fi. isechne ses, Of wall jprimes invertible ain oR. 


If am consists of all primes, then Lemmas 1.6 and 


Pe] esay*that DR Io) = T2(Gemod Dig iG))e the torsion 


subgroup of G modulo Dd. z (G)- Hence we may assume there 
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(ijene te Fe) Uk (G mod D (G)). Then rere 
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Ay, (G) for some gq divisible only by primes in 1. Hence 
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15 invertible dn “Ri,0°X = Je An (G), hence xX « Dd. R‘S) - 


Now assume that xX « (G)iy Lee. Ox "= Le dp (G). 


DR 
Let ZR be the ring of fractions constructed from R by 
using the rational integers as denominators (this is 
HeCcepiabl Lew sincee (hy) eels COlsion free) a .rorm the R= 


module z tR/R andsdetine = dn: 5O.. z tR/R Dyan oC) == Ome 
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This makes sense since we have a copy of Q in 2Z@ R. 
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Then Ker a@ = {q\q « R} = {F|b is divisible only by primes 
in om} where 5 is considered in lowest terms. Hence 

Zc¢ Ker a and we have an induced Z-homomorphism @ : Q/Z > 
Zz +R/R with Ker a = tf + Z|b is divisible only by primes 


inaow}. 


Let £:G > Q/Z be any Z-polynomial map of degree 
<n- 1 and denote the Z-linear extension of £f to 2G by 
toa lsoay Let aye lr, (x, =(eo de) basis oe = 1) “tbetong to 
dn (G). Thinking of aof extended R-linearly, we see 
that (ao f)(y) = 0 since a@ is a group homomorphism and 
f vanishes on NG) Hence ao f£ vanishes on A 
and, in particular, f(x - 1) belongs to Ker a@ and has 
order divisible only by primes in 7. Using Lemma 1.4, 
we concludetthatetheresexists: aminumbeng ky Cdivisibver only. 
by .primes; in woersuch that Kk) (x a LE “ec Ay (CN If this were 


not true, Lemma 1.4 would assert the existence of a polynomial 
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the theorem is then proved. If n> 2, repeat the argument 
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divisible only by primes in 1, with k, (x1 - 1) ¢ Ay (G) « 


Therefore, nike -]l= ke (xl - 1) + ... + 
(x1 = 1) 2 € Se the Continuing this argument, we 
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obtain a m-number 2 = kk, Ae ky with x ik € A, (G). 


Hence xX «¢ T_ (G mod Dd z (G)) as required. 
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Case II. Assume that R satisfies the condition that if 


p is a prime and p'R = Ste then R= pR. 


The rings considered in case I are in this category, 
and, as in case I, the theorem reduces to proving De RS) = 
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T_ (G mod Do z (S)) where an is the set of invertible 
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primes in R. 


Clearly, we can conclude as before that the (G mod 


Dz (S)) c DRG) - Let I = {r e R|nr = 0 for some integer 


n}. Then I forms a proper ideal of R (proper since 
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In chapter 2, we will see several applications of 
Theorem 1.2 to problems involving the augmentation ideal of 
the group ring. We would like to close this chapter by pre- 


senting an application of Theorem 1.2 to the study of free 


presentations of groups. 
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CHAPTER 2 


Residual Nilpotence and the Intersection Theorem 


In this chapter, we apply Theorem 1.2 of chapter 1 
to the study of residual nilpotence of the augmentation 
ideal of a group ring and to the investigation of the inter- 
section theorem as it applies to group rings. In the case 
of residual nilpotence, we generalize results of Bovdi [4] 
and Mital [25]. As far as the intersection theorem is 
concerned, we extend some of the results of Smith [42]. Our 


main results of this chapter are Theorems 2.5 and 2.13. 
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The problem of determining when Ap (G) is residually 
nilpotent and, more generally, when Ap (G) = 0 for some 
ordinal number a, seems to be very difficult. When G 


is a finitely generated torsion-free nilpotent group, 
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showing that if G is finitely generated and contains a 
generalized p-element, then o ay (G) = 06G is residually 

a finite p-group. Mital [25] generalized this further by 
showing that if G contains a generalized p-element, then 

iy A, (G) = 0®6G is residually a nilpotent p-group of finite 


exponent. 


Definition. 17#gqg.¢«G is called a generalized p-element 
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For example, R= z satisfies conditions (i) and 


lal) ¢ 


This shows that we can remove the hypothesis that 
G has a generalized p-element if we pass to rings of 
coefficients of a certain type. We also observe the 
equivalence in Ap (G) = 08 PI Sete = 1, which is generally 


not true. 
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Before we prepare for the main theorem, let us 
extend Mital's result to arbitrary coefficient rings. Our 
proof differs only very slightly from that given by Mital 
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PEODOSLUILONg 2.2. slCtmmeN be commutative with 1 and let G 
have a generalized p-element. Then on A, (G) = LO) Darton: tebals! 
n 


only if, Ge« RN. and np R= 0. 
Pp n 


otf? et sonedyogiin Isubtes1 Jo youse 1H00°0d Sikes “_ 
a 
: (8) yolstrsh 29 meroadt paiwollot 7 


> Bas smitq et q ZI Lint. 


a tie ' 
+0 {d) 54 o atiaal 


stud ca sD Ol eidy betsse yluo yileudce yelsusk -son ; 
do% ehlod Sluesr ods usdd 2wode (28] ak dnomupss ong | 


i 


0 = 8% D] bos ate 


= | “e 
ou gel .mstesdt nism sit sot Sraqeiq aw sx0%04 on 7 
40? valent: seeP>EN SNS VIRNdidan oF stvess BfE6akM bhedem, 
i63im yd newkp tect mozi yisiptia yey vine 2tsTitb 10033, 7 
iis aka ee ee 


a 2° ap One thw 


4 tne a forth» as 
| 7 | : 7 ae 


; 83 
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Proofs) ihe implication: -(\= 9) “ts just Theorem 2.) and "does 


not require the existence of a generalized p-element. 


n ry = 
Conversely, assume a Ap (G) =n One Get Ps ses ahh = 
n m 
{x « G[x - l « We (Glue Pa (G)ey sree tLe re a Di ,m,p, Ro) 
and y is a generalized p-element, then (x - 1)(y - 1) « 


A, (G) for all n. This implies that x = 1, except for the 


case when x = y, x? = 1 and char R= 2. In the latter 
Situation, however, Da fi fade” = ee ale whenever m 2 l 
since 2A.(G) = 0. Hence ‘ome ®) G) =nD G) = 1. 
R' n,m n,m,p,R' n 4 R' 
In any case, we conclude that i ED) (G) = l. 
n,m n,m,;p,R 
However, G/D (G) is a nilpotent p-group of finite 


n,;m,p,R 


exponent. Hence G « a 


LEAS a p'R #0, then let sen p'R and note that 
n n 


s(y - 1) « Ap (G) HOt) ae we OM Sel Sara CON LMACLCL? Onl. 


Smien [42 (|e omovedt Proposie1one 2.2 in che Case” where 
R is a commutative noetherian domain and G is a finite 


group. 


The requirement that G have a generalized p- 
element was introduced by Bovdi and it cannot be dispensed 


with if one considers integral group rings. For example, 


lf ).Ge= ((0,+);, | the additive group of the fticld of rational 
numbers, then Hartley [18] has shown that 47 Ao (G) =" 0), 
n 


while G is clearly not in RN, Since it is divisible. 


ee - = a. lClUW _ _ 


Ai 


wont baw’ £58 moxoodD taut ef (31) aokdsostogt ott 
.dapaele-g bostiexssey = to Bonbseike Sit enki 


(Ma eyineat 290 = (Oo) 2h .0 emyees syhsexeveod =” 
hg cgimed? alg 2 * 3 St (orig ta + Cdge. 2 t ~ xh ie 7 
> Ul - WU - ®) meds \doemale-q Bostisvense eet y BAB 

etd HOX Agecks wl =x Wid egtiqni einv’ . Ihe x02 cor a 
tests! Sdj nt «8 =H xsto bas f= Sy v= * aortlw 9e59 


q ,ssveword ,nolteuste 


i<=m ssevensiw (Digg. i (25 gym 


ad aa I . a AN 
ok. = (ene a (2) 5 serum. ne ss —— 6 (2).94 soata 


= Oe cmt wae 3504 obulonos Sw ,seno yas at a 
agiait to quozp-q dnejoglin 5 at (9) ey has ,2SvewoH 


a 2 2) soneh ,inssogxe 


tsi ston brs Ag i s 2 4oil asd (0 -& a"q b zz 


~morsstbestnos 5 et eidT .a Ifs xot (ays 3 (I = ye 


sistiw sees eis ni £.8 motrtra0gotd Bevorg [Sh] daime . 
egini? s 2t OD Bos ntsmob asizodtson svitsdummes 6 et A 
-quoip 
-q Bbesilsiensp s sve D tsHs tnomexivpsx ofiT 
bseneqerh ed sonnBs 3i bone tbhyod yd besubortni raw jnemels 
Siqnsxs 10% .apnix quorp Isxpasmi atebiemoo eno ti ddiw | 
Isfoits: 20 Blok? efi to quoxp Ssvittbds oft .(+,0) = D 3L 
,;0 = tayes a | teqdt+ nwode es [81] yeltisi mele ,si9sedmun 7 
$idieivib st +1 sonia qt mi Jon ylasslo et O&O slidw 
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We now establish machinery to prove the extension 


Of Bovdi's result. 


Definition. Let oe be the class of all groups G _ such 


that Do z (S) = 1 for some n and such that G has no 


Ud 


elements of finite order relatively prime to p. 


Remark. A finitely generated group in kKk_, is in ne 


(see Lemma 2.4). 


PrOpOctdonmeno. Met OR bewot characteristic Zero and 
satisfy (i) every prime but p is invertible in R_ and 
(ii) uy p’R =e = THeEnNS Ge oe teen Only ak, 

f Pi ea = 1, 


Proot. First ‘assume that, nD (G) = 1. Now 
a nerhyR 
: _ n 4 ’ 
D2 (G/D, Rls)? =] since g-le Ay (G/D, p(G)) implies 
g Te Ay (G) a Ag (GD, p(G)) Ss Ap ( 
By Theorem 1.2, G/D,, Rp ‘S) has only p-torsion. Hence 
’ 


G)yeend G7. DL RIS): 


G/D, ,(G) « Kon andi Gre RK oa 
Conversely, assume Ge RK_, but aD (G)) aL. 
p n n,R 
Choose xeon Do RIG) = Then there exists N < G_ such that 
n v 
sg oN and G/N eK ek else 9D (G/N). Hence we may 
p n n,R 


aS SUMEG I Gires hi. 
p 


Again, let xe n DA RIG): By Theorem 1.2, 
cae (G mod dD, z (G)) atcha) = ep lie) =4 je) Orme etine 
4 
weagyels: YE) Ga Io Do z ‘S) =s 4 sfOresOMme aang, GChereLtore, 
v 


{= leeLor some Ss) divisible only by primes inet .6 BUC 


out - 7 ae Passat “ ua 


he, niger 


: at 


‘4 age ? 
pemers.te 

tert douebas f-10 
ee see ae Ss) 


_ a ai st gt Ab quow eer a 
| ~(beS' € 


Sas ofS oideizsiosisis to od A ae. 
buia «fk aiiditdasvnt et q dud smizg vtevs (2) visitas 
vtt Vito bas 7 (ght > DD ASaT .0 = a7 a ) 

A= (2) 5 


WK «f= (OD), On tent smvses tenkt Ls 

Zehigqnt (A)s 4 ape fs i- pb sonia I= (@)by ca?) gg? 
Ayo @ bee (ag 2 (a), cir, + (oy Sa >i-® —— 

. sone .modenot-q yino ead (Dp Go ,&.1 mstesat 1 
7 

teh s 2 Bas igh 3 (O) gg tN® 

“tN Mig INA yh 2D. Smmigas »visetsvined io) 

| 2eds dove a> 8 gaeixa sacis asd? Me po 7 x ee: | 
piling: bach pat isin bts AY 
ots e 42 somes 


[a eee ae jel \nispA + 


| Sitoe 208) “ae - = so | 
ele 2 serial ad 


a 


A) 


Ge co implies G has only p-torsion. Hence x = 1 and 


the result holds. 
The next is a result of Gruenberg: 


Lemma 2.4 [34]. Let G be finitely generated, nilpotent 
and n-torsion-free where a is a collection of primes and 
not every prime is in 1m. Let wa" be the set of primes 
not in’ 7. Then Gums residually a finite a*’=group, that 
is, there exist Ny “< G with Ny = J such) that G/N 
is finite and every element in G/N, is of order a 1 


number (a number divisible only by primes in 1'). 
We now prove the main result: 


Theorem (2515. i) Let? eR giberai ting! with eamok characteristic 

zero satisfying (i) every prime except one, say p, is 

mivertible Gn Rand (ai)5 (i.pokRe=—] 0.s Let §G be finitely, 
n 


generated. Then the following are equivalent: 


(i) 0 dp (G) = 0 
(ii) 9 Dy R(S) = j 


Cit) & Gta. « 
p 


PYOOL: (i) >>. (i) aseelwayse true. Ci) se (1) Ow Lows 
from Proposition 2.3 and Lemma 2.4. (iii) 3 (i) is a special 


case of Theorem 2.1. 


ane eee 20 ab eats 5 at eaade se 
asmixg lo dee sited 'y Sod «re nt at emtsa 10 
+stid .quotp-' etifit 5 yiisubiest ei © asd? 7 ‘en 
AWD derlt dobe f= Wo ddiw 0° 4 deixs evedt at 
+: 5 48630 Io #i MND ai dnomelo. yreve bas stintt wk 

vy mt 2ominq yd yino oldteivib tedmun 5) 1S9dmum 


stilvess nism sit svoig won sw ° 


oiteiiedssiscio to I dtiw eon sed tod 2.8 mexogHt 
@i ,q Ye ,sno tge0xs smitg yisve (1) palyteidce aume 
yistiat? od D ter 0 =H 5 (fi) bub A es 
ttnalsvinps 915 prdiwollot sit nedT .bsts180@p 


=v 
Cia ft), t 
Ve a (i) 

l= (2), nt f . (££) _ 


“qi 9 (bd) 


ewollot (iti) <1 (£i) “suas i ane eit (ii) € (») 


| Aeiooge © ok Ww) & GED 08 guineas €.5 cotsteoqox aot 


et oo) 
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As a model for R_ we have in mind Zs" the ring 
of p-adic integers. 


Corollary 2.6. Let G be finitely generated. Then the 


following are equivalent: 


(i) n A> (G) = 0 
the 2 

dja) “Wa Doo (Glee 
n ee 


Cie on Gre snl iee 
p 


Corollary #2). joh4 lari bet yiGeebe geinitely -generated sand shave 
a generalized p-element. Then on A, (G) = 0 implies 
n 


Ghae Ria. 
p 


Proof. Let g be a generalized p-element and let he 


n dD z° 'G)- Using «Theorem <1.2, -we obtain «(ge- 1)(h - 51) « 
n ray 

n ee (vas Hence h= 1 and na D m(G) =. The result 
Hieee n a. 


LOvLows from Theorem, 2.5. 


Gono Ularyec. Seige iG Gigicgpinutehy generated -ethen 


ete (G) = 00 Ap -(G) = 0. 

ie aD Se 

Proof. -Lteis. aeresultvot Mal.'ceva(24j] athat wm ie (CG) = 202 © 
scailiaiiaial a n 


— p 
Ge ae Hence, for G finitely generated, Ge os and 


the result follows. 


Goro llanvg2 no 5, [fee basga generalized p-element, then 


n 


n Ay (G) = 0@n Apa(G) = 0. 
n lay 


p 


evsil brits posexense yfeainit sda joa | (At. s | 
esitqnt 0 = gay fi ae Jaemefe-q, bost fh 


sf Gob Bas tnonole-q bestlarsnoy s od p sat © 
> WS a) (E> py abesdd ow oS. mexoed? phked +19). ) 7mle 


: “avanr eit P32 y (= sone . (a) 
& metosiT max? aw 
neds \Sedniedop yietint? ei Oo FT 8.8 4 
= hag weo= ©) 
ie | on oon 
| aes egal >, z02 ssomaH 
' oe? Os wae fat me 


Als 


Pra, 


Proor. © Let =n Ay (G) Oc By Mital’svresult, 1G te RNs 
fe eo n 


Z 


and, by Theorem 2.1, this implies that n i Ae = 0. 
n 
p 


2. The Intersection Theorem 


Here we are searching for necessary and sufficient 
conditions for the existence of 0-7 i A, (G) such that 
in ap (G)1(1 - i) = 0. Results iam this direction, have 
previously been obtained by Smith [42], who was concerned 
with generalizing the usual Intersection Theorem for 
commutative noetherian rings, and who then applied his 
observations to the case where the ring is a group ring and 


the ideal its augmentation ideal. 


Our main result (Theorem 2.13) gives necessary and 
sufficient conditions for such an i to exist when R= Z 
and G is a finitely generated group with a torsion element. 
Later propositions give necessary and sufficient conditions 
for the existence of i when G is finitely generated and 
R= 2% and when G is finite and R is a commutative 


integral domain. 


First we consider the case R= Z. We need three 


preliminary lemmas. 


Lemma 2.10. Let G, xX .-. x G 7H and assume G, < H 
fors b 2a. St. eThen A, (H,G, Xe... X G4) On 
A, (HG, KX... X G5 x G.) NM «ee nN AO (H,G, xX ... X GC) = 


) 2 


Jastodtiwe ‘bas yiseesven 102 poiilotss2 216 Sw StSH 
ted fowe (D)gh >i ® 0 40 soasteixe edt 103 ano 
Syei AOLtooukb eldt ait esinast# .0 = (b= Ly orga 
Benugonos asw odw , [SP] ddim2 yd beatstdo aged yizuoive ' 
+o% mex6Sd? nottoeetstal isvay odt puisiisiscep ig kw 

eit Boiiiqgs netd odw bas \opnii merierivecn svitssammeD 

bas privt qliorp 5 2i pati ot st9dw esan ant oF enoitsvrsado. 
lesbt soitstnampes 29 Lasbt off 


She yEsdescen aevip (€1.S mexoedT) finger aism 100 = 
§ £8 gstiw seize oF i ne foue x0? enoisibmop srsioitine 
.2fetelS aoiezos 6 dtiw quoxp boystonsp yiesinit s ef 9 brs 
sdoisibnod Ansinitiue bas yuseasosn svip ancigiéogoxq 1esee 
bis Hodexoriop ylosinit ai 9 neflw & Yo someteixe sd¥ 20% 

ovisajummo>)s 2t A Ons sdinti ak 3 nodw bas 8 =e 


-aishob Letpedal 


eer Beet of VS = A sas off aebiemos ow dextt | f) 


i 


HH)» ,0 omtiges bas H © iad teil 8 eae 


a ee cae sad asd? de bet HOR 


= (Pe ne ® cPeBigh: 6 eee AAO % oo oe ; 


is 7 , . 
at) a ee i ae ad A ii ioe _— 


22 
=H) dy (H,G;) A, (HG,). 


PrOooLl. ~The proot proceeds by inductten on n. "First take 


n= 2. Certainly Ay (G1) A, (Go) S A, (H,G,) n A, (H,Go). 
Conversely, let x « A, (H,G,) An \,(H,G,). We can write 
x =) a a4 ns 4994 (915 = 1)" where “a. . © %, the 


yea) 
th, } come from a transversal of Gy x G, obghe ode 


314 ¢ Gy, Go; € G. and Shi e G 


A since xX «€ A, (H,G,). 


aL 


Hence =) Fst hig; (S53 7 mt ei Savy) 


} ie : ein, - 1). Since xe A, (H,G5), we conclude 


that } a, 1) « 4, (H,G,). We can easily 


ania Seley Shee 
conclude that ) Oi 5 3945 (9); rly = 8 O0land pethererore. 


BE A, (H,G5) A, (H,G,) = A, (H,G,) A, (H,G,) as required. 


Now assume that the theorem holds for n- 1. Hence 
(H,G. od ealcipa ie p< G-1) n A, (H,G, SCMBcrevar oc Ca) = GC.) (is (acs em 
ya, (Ougley Re Gee ey uM Ay (H,G;) 47 (H,G,) by induction. 
JFL 
ey J 22 


By goingarromgeH Stet Hfi= H/G,, we conclude from the above 


remark that A, (H,Gy SCiemen cee G-1) n A, (HG, Serre tee oc G-2 x 
Nipe stars A, (H,G, x G, bay ries ee oe) c A, (H,G)) - 
eel H, Gm) A (Hy Cole 
5H Z eae J 
a Pe 


Now A, (H,G,) n A, (H,G. Sire Sees ene), = 


A, (H,G,) A, (H,G Sccleesy seaick G.) bysinduceuonwma 1 sO 


2 


es (H,G;) 4) (H/G.) ch, (H,G, x ... x G). Hence 


sae f 
1,j22 


(2st gt 2 igh oe 
fs (QO \HY go 0 (,5\ 8) 56 sx ger y 

Pee ee te pron 

\H omit exp 20 Isexsvetsit s mot? smoD 

« (Oy) GA 3 x  9onie ra 3 ‘a? Bas °2 3 reP +p? * ae? 


$b = pyehlt - goed geit jo T= oeett a | am 
sbilones aw v(oBsH) 5 Asx sBonte Ul _ npg yy 2D) 
yitess mo oW (eH) 5 Ws fic= ere grOp4e, rad e sett 7 
(stoteteds Bas 9 = (L ~ gt) y pOitly ye 1 ters sbetomee’ > 7) 
Bexkuper 28 (0.8) .4 (Os) gh = (pout) yA Dyas vs 

. 


. fa 
estsH .f - nh tot sbiod merosds oft Jts5cdd omens wou 
’ 


hi vay WIN DE oO RK sae K QOsH GA 1 Uy a2 % «+= © cov 7 
snoiyoubni yd (-OyH) gh 2480 9A an = (D8 a6 # hia as 
S$2Cat 
svods sit moxi obilonop ew .,;a\H = H oF H moze patow oa 7 
(a x e-n” wee & povi) gs A (4? * roe ® pov teds axenoe 
+ (; OWE) oA ay hie Ki'isee & e? x ord gh n 1am 7 . 


“+ 1; BH 9 (pall) a 7 
seb 


= Sep <a> ae ger) gt 7) (2 aH go wa —. 
a ies 

cals er a ae DX ves ao 
eons GPF aes fila ig At; 


z 


a and ee a ol eh! ie ee 


a3 


A, (HG, X soe. X Cay) n A, (H,G, X 42+ X¥ G4 XG) nn... 
Ao (HG, xX ... x G) s (A, (H,G,) + wh Ay (HrG;) A, (H,G,)) n 
Aaa 
A, (H,G, Sees Ge), = (A, (H,G,) n A, (H,G. Seer aey ones G.)) + 
os dy (HrG;) 47 (HG) iy AUGG Ee NENG TC he Eg 1h) 
Lye 
ius Pel WTS eh ra G Ga) E ws aoe tay 7 Ge) by observing 


apg eae 

that A, (HG, x a Mat OX GC.) = ig A, (H,G,) using the identity 
Gist = Mh ee epee dl oe teh ce ANE Wier Igy a Bs 

Be erent es. Gs. SS feiete 


Hence A, (H,G (i) eee I) A, (H,G 


ny noe Z 
Gavog,) “A (HAG AS(H,G.). The containment in the other 
ha ify Z phen J) 

CrIrectiom tse trivid”. 


The next lemma is a result of Smith [42] although 


his proof is somewhat different. 


Lemma 2.11. Let G be finite nilpotent. Then there exists 


ie A,(G) such that [n mien ever ean Os 
n 


PrOOL. "1." G Ws a p-group, [neorem 2. ‘says that 


n A, (G) = 0. Hence we may assume that there exist at least 
n 


tworartterent primes, pr kand q, dividings |G 


First assume G is abelian and o(g) = Dee o(h) = 
lee Then ap + bq” =o anpiesmthavwe (9 <= el) ahaa 
(ap’ + bg®)(g - 1) (h - 1) = ap’ (g - 1)(h - 1) + 


r 
(g - 1)bqS(h - 1) = -a(B)(g - 1)*(h- 1)... 


ime 


yt eo eee x Balls! A (0,8) ot) = (penx 
e pee 


es BU Digs = (2st : o ae 


paivisedo yd (,9,H) 9h (j9.H) 5 ie 2 ai GS 
qtignebt ond prtee (j9.8) 54 dy? (9% axed gaye = 
(fb - day (fl --e) ere. 


x «tu gPvit) 98 A wes 1 (pep K nee por) sA eoneH | 
tefido oft ni Jnorinistnoo oAT +t Onis aS Ol) 2! 3 a0 


Isivind et eer 


dppodtis (SS) dzim2 to tiveox 6 ei sieost jxon edt - 
-tne7ettib tedwenoe af BoowW ta 


eteixe stent neiT .tnedogiin szintt sd OD Jed -Li.$ simmet 
0 = (i= 1) t(O)E4 o1 Seed done “7 


wedd eyse 1.8 mexoeiT .quorp-q 5 ef 2 FT 
Jasol Jo yaixe suet ted+ omubes yem ow sono 0 = on 2 


_lp] palbivih .p bas q ,eemttq a 


= ii)o ya = feo aad naines o Snboee Sauk’ 
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Ve Ss 
-a(g - 1)P (h - 1) = big = 12 pth - He... 


-b(g - 1) (h - 1)9°. 


rG 
Hence: W@(qe-nl)(he= 1) (2 + a (5 Cpe ee A 


1 


a s Sa 
a(g - 1)P + Dts )(h - 1) + ... + b(h - 1)9 *) = 0 since 


G is nilpotent, and we have found an element he a 
, 


NO GR Ytey i eet c: 


in 
A, (G) wathe (g — 1) {(ha= 1)\(l = the a 


m(l - 5 h) over all such pairs of elements g,h (and all 
tf 


Dairs Olsprimese (p,q) eg) GividingssiG|).. 


Since G is nilpotent, G=S 5 Boe BPRS) where 
Py Pn 

35 is the P,,-Sy low SubgroupeOtealG-e. ror fixed, 4), 

k 
G/ 25 is a p-group and Theorem 2.1 says that this 

ky 4) =k 
implies n heat) ealy (Grouipelome) JeegcOr, ali@gai,. by Lemma 
Do Opewerobtalnemn AL(G)mc Poem (eG; Seat (CG, S. vue the 
1 - i chosen in the last paragraph annihilates 


Aeatoe )iNoKiG » le pseOre alls Kia since 4G- 1s abedian-eand. we 
Z Pp, 4 DP: 


obtain [n Ag (G11 =a) =e 
n 


We now consider the case where G is not abelian 


and proceed by induction on |G|. Choose Z1 125 central 


itis ecem'S Ont hat o(z,) = p,o(zo) Sq with | (p,d)s= 1. eBy 


> in A, (G) Suchmulaw 
and [n Ay (G/<z,>)1 (1 - 1 
n 


<a 


induction, there exist ij and i 
n = 
cn A, (G/<z,>)] (1 - 14) = 0 


and 1, x O, 1, ie 


eck eee + = aE eb oe 
Sone os (P(e ~ apa + saves = Ml Be # 
ob t pages KGa 
dyp 
=i- 1! ste? O = (5, t-1) - dG - ph aeew rah 
Tfé Sos) yp 43nsmels jo etisg dove [16 t8ve Pe a 
.(|0) pribsvib (pyq) somixg 20 axtea 


atanw a i ra" = ,Snetoglin-aqar 3 sonre = 
.t Boxtt tof .5 to quoxpdua woiy2=ya am et 


aids sedt eyse f § motoedT bas quowp=q 6 ef wee S 
simnbl it.) Dee ot 7 4D) yh > (a4 
ie ‘a fagot MS a 


i en ee eee tu 3 (O18 nistdo ew. ,0L.8 
a tied 


ae 


7 
2 


lalate < Bre: jest Sid’ mt neeotio =o 2 


ew bat asifean =i OD sonte fyA Ife tot ¢ ne 


10 = (zk - ae 5 


7 


feiieds Jon et 3 siaiw S260 oft tabtenos won BW 

faytaso Sy 92 seed) .!3). so notsoubat vd. bescong Bae 

yi sf = (pyq) bata Pp = (gslovg = (yslo oe a 

derid dowe (9) ,4 ni gt Bas. ,t dtebxe sxe , 
0 = (gE = 1) FU ce>\@) EA) bis 0 = (,i- ae 
| ‘6 ye ine 


aS) 


n n 
Hence a A, (G)] (1 ~ ia - i,) S [a A, (G)] a 
A, (G,<2,>) n Ay (G,<2,>) ¢ [A dy (G) J A Ay (Gr<z1>) A, (Gr<Z5>) 


by Lemma 2.10. 


Using the argument for abelian groups, there exists 
ae Ay (<z4> x <Z5>) with (2 - 1) (2, =.L)i(L = 4) = 0; 
Hence [n ay (G) 1 (1 ae ee oer ee Oe anthem esute 
n 


NOLGS twitch, # le 29 l= i) GQ = i,) (1 ove a) kes 


LemMae Ze bzs “uel Xe A, (G) Satisfy “x e« A> (G) for all 
p 


primes p. Then x « A, (G). 

Proof. Let i bev them natural map? from |) 0/2, to Q,/ 2, 
where Q, is the field of p-adic numbers. Let £f£:G > Q/2Z 
be any polynomial map of degree <n- 1. Then 

i o f(x) = 0 for all p (see the argument in Case I of 


Theorem 1.2) since x « A> (G) for all yp. \However, 
p 


Ker he, = tS + 2D els notecdivisiole byw oO lemand (f(x )ire 
Ker i FOE all 9p, sO. ot (xX) —20) an O72. 8 By Lenma 1.47 


sare Ay (G) as required. 


We are now ready to prove the main result for the 


integral case. 


Theorem 2.13. Let G be a finitely generated group with a 
torsion element and let 8 = {p|p prime, there exists 


gné Gopoftiorder epj.eoThenrpthe following are equivalent: 
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Cin} There exists i ¢« A_(G) such that 


Z 
[n A (G)1 (1 =Si)e=40" 
n 


(ii) either o A, (G) = 0 or for all pe 8, 


ig!) ~(G) is finite and p-torsion-free. 
n Dane 


Note. Partial results of this nature are found in Smith [42]. 


For example, if G is also nilpotent, the resulte@is there. 


BucoLasehicst sassume’ (ime "holds. * Lf "een Dd Z(G)» then 
n 


v 


(erate i) = 0, aso” tm D (Gleveus finite-and 1 = ale 
n 1,4 
( es, )ZG. This implies that the content 1 of 1-i 


SMB yes 


is divisible by In Dz (S) | in 2, so 4 Dg (G) = 1. 


Let *®gq « G be of order p and let hea Do z7(G)- 
n ’ 
Pp 


Then, because the order of h modulo Dd z, (S) is relatively 
a 


DLime, COs peerheorem 1.2)',. (hy—2l){Gg — 1) en Ay (G) and 
n 


hence (h - 1)(g - 1)(1 - i) = 0. As in the above paragraph, 


(g - 1) (1 - i) #4 0 so we conclude that f Dez is 
finite and, since uy Da, '° = 1, Theorem 1.2 boas that 

ie Pazar is p-torsion-free. This argument works for any 
Dp. such thatetheresextSts sgtice G,Etct ondengip- 


Now assume that (ii) holds and on Ay (G) #0. By 
n 


“(G) is finitely generated, nilpotent 


Theorem 1.2, Pe 


and contains no elements of order relatively prime to p. 


Hence, by Lemma 2.4, G/D, z~ 'G) € oe and, by Theorem 2.1, 
a 
p 
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zr 40% role bas ebfod (it) saat smuzas wou “7 
eo A a ids \S.f mexosd? 
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m m 
A 0 = 0. ~ 
a z (G/D, 9 (G) ) 0 Hence i Ay (G) S ay (Gr Dag CEQ sere 


Pp 
aL Larytie 
We claim that this implies on Ay (G) e A, (G, 
m 
an D MiG emocay EOsthe cContrarvethat << = 7 AG) = 
ay Gt Diesel Then "sae One 2?) BiG7e Da, 2ONEd? and, 
Pf Ae sog= 9) tS with g, « G/n Dg? (GS). then choose m 
th .git ; s 
Je) at cree and Dg; do not belong to oe (Gy scor 
all i,j(i # j). We obtain =x #0 in Z(G/D, 4-(G)) which 
a 
p 
contradactsm x e€ A ne (Ge) SAG; D AG) } 
no Z inlA 
p 
Hence n A (G) eA (GG) aa D mG) )petcOt ad Im spe 
m 4 Z n 1,4 
Pp 
Conversely, dit. xmesiNen\G7. ne D (CG) ab cL Olea La we pr, 
Z n ard 
then x « A, (G) n A, > (G) fOr allwp. and all yn, and 
Lemma 2.12 says that x « n A (Ge Hence n h- (Cc) = 
n Z nN Z 
Aas (Gi .D “VG Ja). 
Bee On tee 
Now n Dd z~ (G) is finite and p-torsion-free by 
n v 
assumption (where pe 8). If i) dD, g~(G) = ercien 
, 


Theorem 1.2 and Lemma 2.4 say that Ge i and 


n AP(G) = 0 by Thecreng2. 1. gel an D ~(G) # 1 for some 
gy n 1,4 


Dee ee enen, Choose ) hve mn Dd z~ G) of prime order gq # p. 
n ’ 


The torsion elements of G form a finite normal subgroup T 


where T equals i "ay > 2 Pore Celts also 
nilpotent since D ead, z~ §S) = 1 by the hypotheses, so 
Dena an mas 
D (G) sad§@) and], T fas finite: 
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Let 3T.= 3S Reet EO the §S being the 
P,-Sylow subgroups of T. Note that for each Pye 
n D ~ (G) = aS. Therefore, we may apply Lemma 2.10 
n eZ ° kK Ps 
Py aka J 
LOB GOMe Luge veia tenner (Gy ieD area (Gi) i= amen (Gr Gee.) 
p 4 n a iacre 44k Z Py Z 
Kee os Hence (see two paragraphs back) we conclude that 
i) 
n 
o MAG) = sq Nal Gon D TCG) ee) See Gp Seen) (CS an) te 


Lemma 2.11, there exists i « A, (T) Such that, an Ay (T) == 
n 


A, (T,S a oe annihilates 1- i. Since 

57k Pk j 

So. JGwecOLeol Le.) jn seo wil eal SOmannd it latce aan A, (G). 
n 


J 
This completes the proof. 


In the next case, we consider R= Z, and CG to 


be finitely generated, and obtain necessary and sufficient 


Gonditwons for such an a1 ).to exist. 
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following are equivalent: 


(i) there exists i Ay, (G) such that 
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fa) Pe MGR eS shy = Wy 
La rye) 


(s0s) Saar D z> (G) is finite and of order relatively 
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p 
prime to p. 
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Lingte andewmie— (4) <hr eg )Z6- Hence the content 


JROLMe Gam dese ivicd blegby alg D, 77(G)|, and we conclude 
n o 
p 


that pj Dd z~ (SG) is of order relatively prime to p. 


n Pos 
Now assume (ii) holds. It is easy to see that 
n mena fc Be = 1 which implies that 
p p 
n lay ley a6 D ~(G)) = 0 by Theorem 2.5. Hence on Roa) S 
n Z n n,Z n Z 
p p p 
Nee (Ge tab n(G) 2g 4Sinces, aD a (G) is finite and of order 
Z n n,Z n n,Z 
P p P 
BebtativelyepGimesto Pyar ahve Gmc n Do z~ (GS) satisifies 
tf 
ig pe ld = iad ) = 0 and the theorem holds 
FaDe Se(Gya 
natty 2 genD ~ (G) 
p n 1,4 
Pp 
with i=1- = 
| Ds ako mee pum (ec) 
Pp n 2 


We also have a result.in this, area._for finite groups 


G and commutative integral domains R. 
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integral domain with 1. Then the following are equivalent: 


(ais) There existS il. Ap (G) such that 
ibe Seay Say 
n RR 

(252 ela) (G) has order invertible in R_ and, 
yemeewals 


if;there, exists ge—_.G .of "order p,_then 
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Proor, Assume "(i)"? holds -" lf =-qve ii De (G) fs ‘then 
bart n 


fe 


tg >'i) (ie i) = Celso, astbefore ss Da RS) | is 


n 
n 
mvertrble in* Ree Peecthere exists gee sG @rof order ep # tand 
Ye i p’R, then yng ll) es ew =9 0" since i r(g = 1) < 


n A, (G). Because R is an integral domain, (g- 1)(1- i) = 


O° which“says’, “as*usual®’ that'*p? is invertible in R. 


Note that the restriction that G be finite was 


not used "in "thirs"section’ of “the *proolr. 


Now assume (ii) holds. Since G is finite, 


c D (G) ==. D (G) for some m. Let H = G/D G). Then 


nm AR iyahaass 
H is finite and nilpotent. By observing that the proof of 


poe 


Lemma 2.11 goes through for R a commutative integral domain, 


we can find ZT « A,(H) such that [n a, (H)) (1 =) Sie 
n 
n : 
Consequently, ie Ap(G)] (1 = 2) € An (GD, pfG)) and 
ah YE A,(G). Since Dn, R'e) = n DAR Oo) has order invertible 


in "RK, “we seeras in the=last part Of the proot*orsPro-— 
position’ 2. l4°that*there”™exrsts**4j fe A, (G) with 


[n A, (G)1 (1 - i)(1 - 3) = 0. This completes the proof. 
n 


Note. The study of powers of the augmentation ideal can be 


extended to transfinite powers where A, (G) is defined to 
be Ao -*(G) A, (6) whenever a - 1 makes sense and 


n an (G) otherwise. Gruenberg and Roseblade [16] called 
A<a 
the smallest ordinal w with A,(G) = A, (G) the 
augmentation terminal of the group ring, and they studied 


this=ftor- locally fanite’groups. Note»that all ‘theorems in 
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n 
R 


O for some i « A, (G) automatically give sufficient 


conditions for the augmentation terminal of the group ring 


this section which give conditions when [n A,_(G)](1 - i) = 
n 


to bel} <2 uw 


n 
See Gy oe ANT i Ap(G)) 


We would like to very briefly discuss another 
problem which can be tackled using Theorem 1.2. The problem 
is to determine when one can find g « G, g #1, such that 
(c.— 1) [9 dp (G)] = 0. This is related to the work of 
Sandling ([34],[35]), who was concerned with 
{g|I4(g = hpe® = 0 whenever j + k =n} for each n, 
and called these subgroups dual to dimension subgroups. We 


prove the following: 


Propositwiong2. 26 -GhlicterGribeta finitebytgsnerat edetersioa 


group with |G| > 2. Let R be a commutative ring of 
characteristic #4 2. Then the following are equivalent: 

(i) theres existsa@rgte=Gyp g 4nLPe suchFthat 

(quali n@a, (Ghim=to 
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ne n = 

Cis) a A, (G) = 0. 
PrOooOt weeAcsume:g + 2 7s such that aa — iin Ap (G) = Q. 
7 n 
Let a,b be of coprime order in G {if possible). Then 
(a = 2) (44491) ge bo dp (G) Soniye (ae iL) (a aL a0 
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piINnce char Rk + 2, TCNnesonlyspossi bl lity 1S .ddbw= 1. 
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and be si dn feenaebewerliyi, Aifey felelsVembthelss sevetei)  71Gei) Gr Si (Wsy ean) 
(ara lL e=s 0 that A = 1,7. and this contradicts <a and 
b being of coprime order. Hence G is a p-group. 
Clearly, o DRS) = le Since, | x... W Da R!G) 
sMpLLesm Agu L(x — Sl) —7 0. and, susince, ‘charerR 4 273x = 1% 
Also, G being a p-group implies n p'R = 0 since 
n 
eee DER and?) =x "e8 Ge ampines: “nixi— 1)" < iy dp (G) and 
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real (xo |) eeeGincem= Glas, setnic aomplies = aU) 


Now G/D, RS) is a finitely generated, nilpotent 
Ud 
p-group, hence, by Lemma 2.4, is in 6 Theorem 2.1 


says that n A™(G) = tes 
fay wae 


Rangs Of characterist.ce 7 0) but tot .of characteristic 
2r where r is odd can be broken into prime power 


characteristic parts and handled by the following: 


POOpOst te UOlmznL/  pueC geChan sha sti where p~ #2. Let 


G be finitely generated. Then the following are 


equivalent: 


1) there ex1istss gq, ges Ll, | such that 


n — 
(g - 1) [9 ap(G)] = 0 


(ae) dp (G) = 0. 
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A Da RIS) = ha. /NaMeKe) G/D,, 


i (G) eis nilpotent, finitely 


R 
’ 
generated and (since every prime but p is invertible in 
R) contains only torsion elements of p-power order. Hence, 


by Lemma 2.4, Ge co and Theorem 2.1 completes the 


result. 
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CHAPTER 3 


Units and Radicals of Certain Group Rings 


In this chapter, we study the units and Jacobson 
radical for group rings of certain very special groups over 
fairly general rings of coefficients. In the case of units, 
we are primarily concerned with right-ordered groups while, 
in the case of the radical, we restrict ourselves even fur- 
ther to infinite cyclic groups. This may seem like a rather 
specialized topic, but we approach it for two reasons. 
Firstly, it is interesting to see how the techniques and 
results of }\Coleman fand sEnochs @[9] tandvofeAmitsur [2]) for 
polynomial rings~apply to group ‘rings. Secondly, «some -of 
the results in this chapter are required in the study of 


isomorphism problems in chapter 4. 


Pee Units 


The main result of this section is the determination 
of the invertible elements of RG when G is a right- 
ordered group and R _ has no nontrivial nilpotent elements. 
We then obtain several corollaries to this result, and close 
the section with a result on the automorphisms of R<x> 
when R is commutative semiprime and <x> is an infinite 


CYV.C.LiLGa.g LOUpS 


tavo aquorp Istoege yiev aisttes to apait¢ I 
Jad Yo-S8e0 brid NE sadasiDitt5en fo agaist tesense 
\shidw equowpe betebro-dripis ddtw benxscaes yLiaemiag ¢ 
-in2 nove sovisaivo, doitiset ow leotbst..sfd 20° sess 
seitex 6 SakS moos yam-8idT .aquozp vi loyo se inkini oF oat 


Ss 


-efiaeser owt 101 +£ dosoigge ow sud »aigod powilstoege 7 7 ik 
bos eovptadess ont woil s3eod pnideersiat et) 3: vite: | * 
403 [S] iwetimA io bas [¢) sivont bas paméfoo 20 eltivaet VG 7 
to ampe ,ylbnoos2 .spnhit queer ot viqas rpnia Leimomylog ; 

206 ybute edt at bextypet o1s tezqsi> eitlt ni etivsex Sas _ \a 
sb s93gsd9 nb emeldorq ROS 


askniy st 


noissnimiesab oft ei mortos2 eift to tivesx nism sit 
“Sipiz s at 9 neil Of 0 ednemele oldizzevai sft Fp | 
-etnsameia dussioakia’ iakerdtnat on esf A bae gqiotp Ssitsb10 7 
ea0i> ban ,Jiveet eins of astisilozrop Isisyee nissdo asi oW ~ : 7 
KoA Jo emainigzomotus siz no jiveex « itiw aoidoee eat | 
sdiniini np et <«<x> bas smixyimse sviissuinmos =t aot > 
ques 3d re) 


35 


It is unreasonable to expect a complete determina- 
tion of the invertible elements of RG when G is right- 
ordered because, in general, it is not known exactly which 
elements in a polynomial ring R[x] are units. Some 
results on the latter problem have been obtained by Coleman 


and Enochs [9]. 


Let U4 (RG) denote the right-invertible elements 


Or ~ RE. ‘ 


Theorem 3.1. Let G be right-ordered. Then the following 


are equivalent: 


(Gg) U, (RG) = i) a9 there exist By ee 
with ao 8 _7 = 1 and 8B, = 0 whenever 
L Mgbgod Me, ae 
h # gt}. 
(ii) R has no non-zero nilpotent elements. 


Proor. = Assume (1) holds and lets” n“ RR” be milpotent. Then 
erg, (Cm any "9-1 G, sa Lignt invertible 


element of RG, but does not satisfy the conditions of (i). 


Conversely, assume (ii) holds and let yz = 1 where 


ae S 
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Lhe jreees Penh i i i 

44 pe wet Shs S maximal in eta Lf 
2M, > 1, then we notice from the choice of 34 
the term Tphs, does not occur again in the set of products 


Gehu.. Henceswei concludes that! o Meseg=502)4 Assumes that we 
eke 1g al 
98, = 9 whenever g yh. > 93 DK, = le a 
POH . hy evil EiGehe 7 gx hy being a complete list of 
is) Ais eh aS 
products equal to g.h, ). We see that oa. 8 Pe a 
1} ky 1} ky 
4 fs = 0)) and we may Suppose thatesi- <<. 1-—) < .s.0< 1 
1p Ky iL 
Multiplying on the night. by a, 7 Wwe obtain Os 
p ul 
teres 1 es O oe er Ore = Gace Dp Sel ne april et 
ip ky ip : is kt eke 


byeinduction, a, 8 = 0. This implies, by assumption 


that 


knows that oa 
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ayes a 


Hence, 
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eee aF Qa 


(i wethac = Omesince es ia = 0. Hence, we have 


Ba. Os 


a =) 08 and, aAgcinweusingal1 a) ao. ec = 0. Working 


boo sp ae a 
1p Ky 1p 
back, we obtain Hie =)0. for 61 = tes pw STheretore, 


we have shown that a8. = 0 whenever Slo) SS ate 


An identical argument to that given above, starting 
with gh. Minimal ine 9g alee, meshOws  thatwecd..b.=1 0 
JF JL oe ~e 
whenever Se < 1. This completes the proof. 
Note.) Although the "condition that, G ~be right-ordered 
is one sided, the above proof also gives the structure of 


all left and 2-sided units of RG when G is right- 


ordered and R_ has no non-zero nilpotent elements. 


Corollary 3.2 (see [40]). Let G be right-ordered and 
let R have no idempotents # 0,1. Then the following 


are equivalent: 
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(i) Ue CRC Lug sisamnight unitof “R): 


(ii) R has no non-zero nilpotent elements. 


BrOCE er L) oe (ll) iSetrividal., — Assumes (in) holds sand let 
; Sag Bema ri gitalni tol ee RG me wiLelieriognit inverse > Heels 
la Sin = = 

ee 1 says that } 2484-1 = 1 and a6, = 0 for 
hes gy we 

Note that -] = 1 implies that = = 
L a,8,-1 plies that (J a,8,-1)a, 
On sgepe GUldk tela slo cae Je Fo Je), eal = By 1%, = 0 by 
(ii)ie Hencegwetobtaiiiaarc ape] auer— ka BOG alle gGaeeLe 
eps) g g 

Se # 0, we conclude OB g-1 lees tiCe sk  hasenoeadem- 
potents +# 0,1. Also, we have geile = 1. This implies 
that Wy iSpauunit. Since By, = 0 for h# oe we 
have 6, = 0 for h # gt and the result follows. 
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and the converse to Corollary 3.3 follows also. 


For abelian groups, we can use the above results 
to generalize a result of Sehgal [40] to commutative 
integral domains. First we note several lemmas. The 


first specializes a result of Passman: 


Lemma 3.4 [29]. Let R be a commutative integral domain 
of characteristic zero and let G be abelian. Then RG 


has no non-trivial nilpotent elements. 


The second lemma is a special case of a result of 


Coleman: 


Lemma 3.5 [7]. Let R be a commutative integral domain 
and let G be abelian such that if there exists geG 
Of order p, then p is not aunvertible in) Rs Then “RG 


has no nontrivial idempotent elements. 


Remark. Coleman only proved this for finite groups G. 
To pass to the infinite case, we require the observation 
that central idempotents in a group ring have finite support 


group, a simple proof of which may be found in Burns [6]. 
We now state our result: 


Theorem 3.6 (see [40]). Let R be a commutative integral 
domain of characteristic zero. Let G be an abelian group 
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issa unit of RT where T is the torsion subgroup of 


G}. 


Proof. We may assume G is finitely generated, say 

Gre Tax <X)> X «++ X <X,> where T is torsion and the Xs 
jreROmetii ln LosOLcei mm y ehenmaces.4moand= 325; 

R( Tax <X4> ueor tenn 3 <X o>) has no non-trivial nilpotent 

or idempotent elements. By Corollary 3.2, any unit in RG 
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dh 
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We note that the following simple extension also 


holds: 
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ring R[x] have been completely determined; by Gilmer 
[13] in the commutative case and by Coleman and Enochs [9] 
in the noncommutative case. The fact that x becomes a 
unit complicates matters greatly when one passes to R<x>. 


However, we have the following: 


Proposition 3.8. Let R be commutative, semiprime with 1. 


e 


Then x > : as induces on R-algebra automorphism of 
-s 
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Hence, ay and k lie in no common prime ideals 
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2. Jacobson Radical 
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the following theorem of Amitsur: 


Theorem 33 SOA 28" JGR fc Oe a Nis. where! ONIeaisy( Ria eR 


iS ani lordeals*oL-@ Re 


We have as yet been unable to find a similar theorem 
for group rings. In particular, it would be nice to know 
whether wal (R<x>)* = 4 (R<x>)Stnetk) <x SetOurnsmainv result. in 
this section (Theorem 3.13) consists of finding an alternate 
statement of this assertion. Some of these results will 


be required in chapter 4. 
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generated by a is right-quasi-regular, and hence is 


contained in J(R[x]) = N[x] by Theorem 3.9. The result 


follows immediately. 
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Wefalso observe that™Proposition’ 3.L0"yields 
u(R<x>) ee J(R)<x> as a corollary.» A necessary scondition 
for the converse to hold is that J(R) be nil since 
J(R) ¢ N. would be required, but it is not clear that this 


is sufficient. In certain cases, however, this does hold. 


Proposition.) 3.11. “IES Re satistics the’ condition that 
every nilpotent element is strongly nilpotent or satisfies 
a polynomial identity or is an algebra over a non- 


denumerable field, then J(R) nil implies J(R<x>) = 


Wee) <> 
Proof. If every nilpotent element is strongly nilpotent, 
B(Ra=x> ) Pe J (R<x>) eo N<x>¢ 6 (RR) <xec  6(R<x>)) gby a result 


of Connell [10] where 8(R) is the prime radical of R, 
so equality holds and J(R<x>) = 8(R)<x>. The hypotheses 


imply J(R) = 86(R) so the result follows. 


The polynomial identity case works out since nil 
ideals are locally nilpotent, and the case of an algebra 


over a nondenumerable field is found in Amitsur [2]. 


Note. The problem of determining when J(RG) = J(R)G has 


been considered previously by Coleman [8]. 
Analogous to the polynomial ring case, we have: 
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Proof. Let r « JU(R<x>) CamReeernen r°x has a right- 
= Cy cage 2 
quasi-inverse q(x) =" ) atxer Bsr Xeftg (x) eker xq(x) = 0, 


ae 2 a, 2 
SO; SOY eLCeration, q(x )\e=s—r x freon te ee (-1)"r aan 


2 
(-1)"r ea (x). Choose, ne>cstitite+ Lieandtithe coefhicitent 


of t+1 t+1 2 (tt1) 


xX = (-1) =607,tSsoiny Sisoidlpetent? 


Theorem 3.13. The following statements are equivalent. 


(i) ROG E€VeryVAring@pR, SS (Rex=)) SSC (R<xa)ien 


Rex 


(ii) For every ring R, J(R<x>) n R= 0 implies 


Un Rix a) ee 


Proot: (1) implies (ii) is immediate. Hence assume (ii) 
holds and say J(R<x>) 4 0. Let N = J(R<x>) n R#O by 


(ii). Tf o(# <x>) #0, then (ii) implies T( <x>) 


R/Nos+ 0° sand hence there existe sO co < I(s apa) 
J (R<x>) 


Neos (note, NsxX> co Ui(R=x>))) = Hence end (Rex>)) e+ 
Nexen 0 (Rex>) Sands © = 0,5) wWhicheas a contradiction, 
Therefore 3( Ff <x>)y= 0} sandw w(R<x-) SeceN<xXe) sHeEnce 


Rex eae Nex> vandietd) sholdse 


| Bele nevi cae oles \moksetedi ye 
, . come bos fb dt +a <a -se00d2 > ire x“ we ae 
: 27 : £: ; . : 
(OY Gheabdatie Gia os oe ate) = a to 


f. 


,wnefevinps ox edstomesgde puiwottod ont 


( 
‘ (exe) ©) m= (<n «A paix yteve xoT — (E) 7 
+ <u> (Ki 
on 
astlgnt O =A (<2°H)G \A prhit Ytsve aol (££) | 


(i2) 9f#e2s SoneH .stepbommt at (if) astigmnt (2) est | 
yo OS 84 teeH)t =u tot 10% (Pale yae oe re 7 
n (> GG askiqmt (11) rely 0% (xs Zyu am re — 

= (#x> eit > 2% 0 etatxes oxens aus bas 0 ~ n\ 
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spre «eke [<xea)U Bus O = (¢x» 2) % svotetadt. . 
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CHAPTER 4 


Isomorphism of Certain Group Rings 


In this chapter, we consider the extent to which 
a group ring RG determines its ring of coefficients 
R. That is, if “RG = SG ‘what can we conclude about Rk 
and S? We shall be dealing solely with the case where 
G is an infinite cyclic group. Our main result shows 
that R is determined by R<x> whenever R is ina 
Certain class of rings large enough to contain all rings 
with perfect centres. We also show that if R contains 
no nontrivial nilpotent or idempotent elements, then 
R<x> = S<x> implies R can be embedded in S and S&S 


can be embedded in R. 


The analogous problem for polynomial rings is 
whether or not R[x] = S[x] implies R= S. This question 
was raised by Coleman and Enochs [9], who proved the 
result for several cases including perfect rings and certain 
integral domains. Other positive results on this problem 
have been obtained by Abhyankar, Eakin and Heinzer [1] and 
bye Jacobson 20d) “Asnegaulvesresu Le lass recentiy  sbeech 
obtained by Hochster [19], who found two non-isomorphic 
integral domains R,S with R[x] = S[x]. We will also 
show that Hochster's counterexample does not apply to the 


problem R<¢x> = S<x>. 


a 
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Before we prove our main result, we give several 
preliminary lemmas. First recall from before that 
(R, @ R,)G = R,G ® R,G under the map ) (r,.8,)9, > 


() rida ) S.g,)-. We will identify these two isomorphic 


rings whenever it is convenient to do so. 


Now we show that infinite cyclic group rings over 


fields determine their rings of coefficients. 


Lemma 4.1. Let F,K be fields such that o:F<x> + K<x> 


is an isomorphism. Then o(F) = K. 


Proor. “Let *-£" 07 -* beman ‘element "or or. * Since: tte(£) 


Sa Uni EV Of 4 K<xe4 ewe nave py FCorollary Bez) that 


o(f) = kx* for some ke K. But o(1 + £) = 1+ kx’? is 
also a unit. Corollary 3.2 yields i= 0 and hence 
OlH)e c Kee By usingus ol a) wevconcludemthat: moi): =k. 


hemma 422. = Lote rk = and S ~ bestinite direct) sums of fields. 


0 
Then R<x> = S<x> implies o(R) = S. 


Proof. Let R= F,)@®...@F,,S=K,@... @K,, direct 
sums of fields Fe and Sige With the usual identification, 
R<x> = Fy<x> Oo. ..98 F <x? and S<x> = Kj <x> Sink: ® K<x?- 
The only primitive idempotents in R<x> are 2. = 
(Oe Orly Oy ne, OU) sean eGim ilar lym cOumno <i sesh CnCC waar: 


each i, o(F,<x>) = Bee for "some =*]) and im = n. webby 


Lemma 4.1, o(F;) = BS and it follows that c(R) = 9S. 
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DepintGion .aeAiiningt Rei secalléd lLeftuperftect fie lyR/IKR) 


Us lettering an and (Ree icelertel=nsl potent. 


Lemma 4.3. Let R be a perfect commutative ring. Then 


(RSX o) = OR) <x> . 


BEOOL. = -oince R'is perfect, (Rk) is .T-nilootent. In 
acd tLoOnjae Rk 1S CcOMMULati Ve, sOmeul(R)e els nil. Hence 
UCR) x> ew (Rox>) 2 ByePropositiones.10, )this implies 


BGR ke) een CR cog 


We now proceed to the main result. Recall that a 
commutative ring R is called semi-perfect if R/J(R) is 


artinian and if idempotents can be lifted modulo J(R). 


Theorem 4.4. Let R, bega ring with 1 (1 = 1,2). “Suppose 
that (i) Zar the centre of Rj» is semi-perfect for 


ui es ALAA) febets iy (Gay) J(Z;<x>) = J(Z,)<x> GOs ge =? ee Then 


12 


Ry)<x> * R,<x> implies Ry R 


ie 2 


POO rae UC Oink. hee R, <x> be the isomorphism. Then by 


ih 
restriction we have O2Z,<x> ~ Z<X>. Due to the second 
Z 
hypothesis, we have an induced isomorphism ois <xou 
Z i 
Zi 
Soe 
J(Z) 
Baste 23 
By Lemma 4.2, it follows that o nce = ae) 
Z5 
since Zs is semi-perfect. We identify (hay <x> with 
i 
Zz a. me 
Wane > Ret a <y>e wheres cachesds’ bus a 
“At T(Z5) <x> © © 2, T(Z5) i 


nt .daptoqtia-T at (A)u ,J99%%8q ak @ sonte 200% 
eonah tka et (a/b 08 \evijezummo. at & rotates 
asifqmt eatds \OL.£ noltteoqosd ya . (<eenyt 2 <x (AT 

| sae ‘some a ,, 

6 Sefld Ifsveh .tivesex nism ort og jabebe, won sW if 
ai (A)TA\R 2: tostisq-imoe peliéo 2b AM paix svizsiummo © . 
(8)G olubom bovitl ed as> 23not0qmebi 2b bas msimivas — 


| - 
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yo? Josixeg-imse ef ft x0 e13as9 ont Py (4), deers 
aedT. .S,1 = & | xo Or de = (¢x>,5)U (bk) Bae Sif = 2, 
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Z 
State ith : — 2 : ' 
rimitive id 
p idempotent and each Ls TAZay iS apts1eld. F.. 
: = Zy san 
Since o (37Z-7? and o(x) together must generate 
i 


Tlzay <x? we see thatwees (x)= (£4% »++-£,x ) where 


a = 51, gand 0 + a € te fonecalley ja cance m2 is 


semi-perfect, we can lift the idempotents we of = 

2 
to primitive orthogonal idempotents Ls in Z.5 such that 
l= hy a ho aaa. ae Lae Then we obtain R,<x> = Li R,<x> © 


wel © 2 Ro<x>- 


Define on R,-algebra automorphism B:R, <x? > Ry <x? 
1) iy 
DY Re UK) c=. eee ee Ce Seno ted ir Cu bem COuCcheck 


that 8 is indeed an automorphism and therefore induces 


Z 
an automorphism 8 of wine 
J(Z.) 


(£)x,-.-,f£,%) = (f£i,---,£,)% = ux where u is a unit in 


o> eee NOLLCe that ec (so)n= 


Z 
Beli - Since J(2Z,<x>) = J(Z.)<x>, we conclude from 
J(Z5) 2 2 


Proposition 3.10 that J(Z.) is a nil ideal. Hence, we 


see that ®éo(x) = u,x +) a,x” where u, is a unit in 
iA7l 


Z. and the a, are nilpotent elements of Z 


5° 
We now claim that R,< Bo (x) > = R,<x>. We may 


assume that us le NOte that leon a = 


ree (1. + a. xy 71 = ei - rt ae re es eh Cn a a 


x and ees = 0. We proceed by 
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induction on the index of nilpotency of A, the ideal of 
R, generated by {aj}. Tre thiswindexeas) one, tien 
Bo(x) = x and we are finished. Now we can suppose that 


this index is greater than one. Observing that (6o(x))* = 
ak ; : 
x ect i bax, b. € A, we obtain §8o0(x) - ) a. (Bo(x))* = 
j a ea 
co) ab x? where a,, b, €¥Acwe Since: Ay is nalpotent, 
eo) eee a, (Bo (x))* = vx - ) elope where v isa 
if1 471 
2 


biguGe: Nien YA and ayes IN which 2S of smaller index of 


2 


nilpotency than A. Hence, Ro < Bo (x) = ) a, (Bo (x)) "> = 
i#7l 


<CO\ Xie = aR ee 


R,<x> and, therefore, R 2 


2 


Consequently, we have proved that the R,-homomorphism 


2 


re Ro <x> = R, <x? defined by a(x) = 8o(x) is an epimor- 


phism. 
To see that a is 1-1, assume that 


Xx. Hence we obtain ¢, u, = 0 and, 
ih el 
therefore, Cc, « A. Assume Cc. ¢ ak POtee Llp. Liven 


" Gaol x) )m = 0... <n x <x>, we obtain ) c. Bo(x) ~ = 0. 


Il 
G 


However, §60(x) 


i k aX <x> 1 
be Sal ho Gece A sXacrk eae 3 (Bo(x))" = 0 


astti ys 
i + + 
which implies again that oh € age : and Cc, € ny or 
Since A is nilpotent, we conclude that oe US fons each 


Tae And  Wience sod: -sloiee Leal. 


: : =k 
Now we have a ring isomorphism a Bo:R,<x> = 


R,<X> such that (a +B) (x) = x and, therefore, 


ha eee 
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1 
(a “Bo) (A, (<x>)) = A, (<x>) where <A denotes the aug- 
Nal uD) 
Rj <x? 
mentation ideal. Consequently, we obtain Ry tie c see 
R 
R, <x> db 
Bp. (x) ~ R,- The proof is complete. 
2 


Corollary 4.5. Let R,/R, be rings with perfect centres. 


Then Rj <x> ~ R.,<x> implies Ry = R,- 


Proof. Lemma 4.3 and Theorem 4.4. 


Note that since a left Artinian ring is left per- 
fect, we have shown the isomorphism theorem holds for rings 


With “arcinivan-centres. 


Since we are considering this problem, we should 


notice the following: 


Proposition 4.6. Let Ry bea, Lingewith such) that. its 


centre Z has no nontrivial idempotent or nilpotent 


1 
elements. Suppose that all units of Z are algebraic 
over the prime subring of Zi: Then Rj <x? g R, <x? implies 
Rj = Ro: 


Proof. We first remark that Z.<x>, and therefore also 


i 


Z<X>, has no nontrivial idempotent or nilpotent elements 


(Z is the centre of R,)- terol Lows. 2 rOm slOvO Liarysrsn.. 


2, 
that the units of Z <x? are of the form ux) with 


u é€ Zs fOr se=) Licey Chee nYy DC ClCodcymrc mul cman) Z4<x> 


is algebraic over the prime subring of zy ie feueysl “epee ilee 
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Ba 


it is in 2). Hence o(U(Z,)) <U(Z,) and o(x) = ux”, 
eee and = Wure Zo. Define TR, <x? 22 R, <x? by 
Oy OSs ee 


ay a a,x?) = J ast (x)). 


Then +t is an R,-algebra automorphism of Ro <x? 


and to(x)H= x. Hence we see that ta(A, 9 Dy hme rel bag 
Ps 


which implies that R, = R 


1 25 


We next observe the following interesting fact: 


PEOpOSIC10n 4.7. (Let | RS be commutative rings with 
no nontrivial idempotent or nilpotent elements. Then 

IS) 
R<x> = S<x> implies R can be embedded in S§S and 


S can be embedded in R. 


PrOOL. lt sutftices,) by taking Ps); to consider 
the problem R<x> = T<ux’> where u is aunit in R and 
tm——Lowdivediiceger (Using Corollary 3.2). 
Firstmconsidersthercase ura 0. eee Then exes sel cue. 
implies that x = vuJ for some | Mandysome s*y -e, Ly ev 


VS also a unit, of “R<xs)7) (So must besot the seorm ax® for 


SOMeGuLA, in |Re Wer concludes tihdts 95 — Le) sangria els 


Now T<U> = T<axu> “since ax 1S a Unit in’ TY “and 
R<x> = R<aux> since au iS aunit in R. Therefore we 
have T<aux> = R<aux> and R= T by factoring out aug- 


mentation ideals. 


al 
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<x? io matiquomosus sidepis~ A 1s ai ‘pen? at 
vies) ot = RNY aes jeit 052 ow sofnsh «x = (x)or Bie iq 
* 

ot =| det Beltqmt ote 


:gost paisasissnt pniwoliot oat svisedo txen sW 


dgiw epnait ovidtssummoo od ay A get at 
Gedy .esasmsie tnotoglin 10 Jnesoqmebt Leivissaen om o_o 
bas 2@ mi Bebbsims od aso A aot lqmt «xa % “xa * 
.T at bebbedms sd meo i) i" 
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Hence we may assume r #0. In that case, 


r r 
Rox eX > RUxXee ona we lave R<ux'> iS T<uxt>s, 
r r r 
Therefore Ne CALS) ane x ee errs = i> 
i R | ) Reux’>s = —~ 1 T<uxt> 
ig 
Roussos A, (<ux">) WER ux 


We claim that equality holds here. If me 
An (<ux" >) n R<ux">, then we have m= t+ WwW where teR 
and we Aa (euxe ey Hence t ¢ Ap (<ux" >) non R. which means 
that t = g (x) (ux™ — 1)2,f£0r some g(x) < T<ux >. Since u 


is a unit in R, this is impossible unless t = 0. 


Hence Ap (<ux" >) = App (<ux" >) n R<ux>. 


R<uxts 


Therefore R= can be embedded in 


< 1g 
A, ( uxt>) 


Teuxts rhei r T<uxts 
To = — via R<ux' > > T<ux > > —— <= T. 


r ie 
An (<ux >) Ayn (<x >) 
By arguing in the other direction, we get that T can be 


embedded in  R_ also. 


COrOLlacy 8.0. Let R, Ry be commutative rings with no 
non-trivial idempotents.” Then Ry <x> se <a implies 
R,/8 (Rj) can be embedded in R,/8 (Ry) and conversely, 


where 6@(R) is the prime radical of R. 


We would like to close this chapter by showing 
that Hochster's [19] counterexample to the polynomial ring 


case is not a counterexample to the R<x> = S<x> problem. 
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In Hochster's work, the ring 
is denoted by A _ where R denotes the real numbers, 


and he shows: 


(i) (A[P,Q]) [t] = S(E)[t] where P,Q are 
indeterminates and S(E) is a suitable 


symmetric algebra. 
(2) APO le eo is, 


He also remarks that the only invertible elements 


in’ A’ are the ‘real ‘numbenxs: 


Let us assume that there exists an isomorphism 
e:AlP,Q)<x> > S{E)<x>. Then the fact that A, hence 
A[P,Q] and S(E), are integral domains yields (by 
Gorollary 3.2), that o(x) = ux” where u is a unit in 
S(E). The only invertible elements in A[P,Q] are real 
numbers. If s is a real number 4 O7=2) ~in A[P,O]; 
then o (sj@ecand.¥ o G2 HeSs)e 14S olstieStare both units)! and 
we obtain byy*CorollaryBeezithat to(s) iets Sin’ S()ee Since 
on(x Jehtandyrior( si)f| sitet} generate the units of S(E)<x>, 
we must Navetlme + ctwhereiew a= ux”), In either case, 


we. Goncludestas before’ that “AlP,Ol]"= S(E), and this is a 


contradiction. 


Hences. 412,70) sxe ao ilo seep anclcula te tls 
tells us that R[x] = S[x] does not imply R<x> = S<x> 


in general. 
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CHAPTER. 


Some Isomorphism Problems 


In this chapter, we consider several results related 
to the usual isomorphism problem for group rings, that is, 


when does RG = RH imply G «= H. 


Pirst OfsaLl, we consider the problem of “locating " 
subgroups H.-of G ‘in, the group ring RG. Sehgal [38] 
showed that if G is finite and a = ) ag € 2G 


2 


satisfies a central, a, = 1, a = ma for some positive 


integer m and }) Xe #0, then oa = Ls g for some H<‘G. 
We extend this result to a class of rel domains of 
characteristic zero large enough to contain z when G 

is a p-group. Then we indicate that in a very special case 


non-normal Sylow subgroups can be equationally defined in 


the above sense. 


Secondly, we generalize a result of Sehgal in [37] 
from peGgroups with property = Coto abbitraryscinice: p-groups. 
In the course of doing this, we obtain integers Le where 
2. is the number of conjugacy classes of elements x in 


ak 
G such that 


(ay) there exists y « G with yP = X 
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We show that the 4, are isomorphism invariants, that is, 
eee a aay implies the Ls for G are equal to the Ls 

for H. We also mention in this context an incomplete result 
of Raggi—Cardenas ((30], [321], 132]) .concerning units in 

ase" where G is a finite abelian p-group, and complete 


his result in the very special case p = 2. 


Finally,we mention that Dade [11] has found two 
non-isomorphic finite metabelian groups G and H_ such 


that ZG ~ 2H £OL alleprimesa pb. 


1. Normal Subgroups 


The following result is due to Sehgal [38]. 


DRCOren oe ea letLm GC sbe ta yirinitesgroup.and Slet ia .— 


) a9 be a central element of ZG such that a, = 1, 
ae = ma where m is a positive integer #0, and 
pa 7 0s" Then @ = 9) q--ftorgsome Nec. 

g geH 


We observe that this result can be extended to more 


general integral domains: 


Proposition o.2.) bet R bed commutative imtcedral domain 
Of Characteristic Zeromitinn. Let G  bestinice and Leu 


x be central in RG satisfying x? = mx where m is an 


Zev) 


integer. Then the coétficirents of x. belong to a 


where e is the exponent of G. 
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PROC hale a —— a9 and choose g_ so Oey 7 ohen 
e 


= ay me , ; ‘ 4 
(xg nite oan xg 1 since x is central. Viewing these 


elements in the regular representation of RG, the eigen- 
values of xg t MUSGe CONS Sts Ole Ummand mn; where ny 
are eth, roots, of a. However, we know that the trace of 
xg | 4s just |G] a,- Hence IGla, =m)ny aetna n 
avercertains eth Bootssofedl 2 Therefore, Be: = ae and 


the proof is complete. 


e 
Note. Whenever we know that Cate n R= Z, we can 


apply Theorem 5.1 to conclude that such an x (assuming 


also that ) Les FROMM ANG. Gear Areismnecesisa qisiy, Ofethe 
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25 S Q, fy) iS Q,, § at) 2, p 
adic numbers. Since the p'th cyclotomic polynomial is 
irreducible over Q,. we know that the irreducible poly- 
nomial of E; over (84-7) te Se teh Ons ake 


AnicopecPie ian <br, tet ha Betorip ite. 
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Now |G|x =} a,n,;. Taking the trace from Q0 Em) 


to Q, E m—1) Vie ldsma iG) sp) a;n, summed over all the 


ns HGP uigke elgg OQ, (emi? This procedure continues nicely 
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until the last step, where the trace argument yields the 
result that. (p = 1) |/Gix" as an integer. “Hence |G|seRis 
a rational number and an algebraic integer, therefore a 
rational integer. Since |G| is a power of p and 


A 


Se Z' we conclude that x is an integer. Hence, as 


a corollary of proposition 5.2 we have the following: 


Corollaryeo. 3.) Leta tGmmOera fn te p-Groupmand: Let x)= 


} oe € ase be central with a, = 1 a = ma for some 
positive, integer jm, Gand —&) rome h0. CoThenyes fe jsteg. 
g 
geH 
for some H <¢ G. 
Notes. 1. The tower of fields argument has been seen 


before in [41]. 
2. Since central idempotents have finite support, 
the conditions in the above three results identify the finite 


normal subgroups of an infinite group. 


It is natural to ask whether it might sometimes be 
possible to identify non-normal subgroups in a similar 
manner. We show now that this can be done for groups of 


order pq? with one of the Sylow subgroups normal. 
he teyc () agI) = y ag: From now on, let R= %. 
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and g satisfies Ae oa q°B, has coefficient of identity l 
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and 8 = #étag@ (where 3°@). alg) *"=))° aeq) gj). Then a,= ) g 
g g geP 
where P «4G is the p-Sylow subgroup of G_ and 
g = ) g where Q is a q-Sylow subgroup of G. 
geQ 


Note. If P41G is p-Sylow subgroup and Q a q-Sylow 


subgroup then } g and }) g certainly satisfy the 
geP geQ 
conditions of Proposition 5.4. 


Proof. We know from Theorem 5.1 that a= }) g_ where 
geP 
P 4G is p-Sylow in G. It remains to prove the statement 


abouk #8. 
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-] -l -1 
Al * = Deoeepn : - Dean ; - 
Somem y i,4P4 4 A 4 «hy 
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Therefore m? =mm* has coefficient of 1 equal 


4 a 
te foes ae, 
O _ Sipcelbmialaal s/c 
J ab J 
Qm has coefficient of 1 equal to - }) b. j and 
ify ote 


Simidarlyetorsmoe q?m has coefficient of 1 equal to zero 


Since m= €6-Q and both 8g and 0 have coefficients 


HE identity equal to 


By recalling that q?m # Om + mQ + m*, and using 


the above expressions for the coefficients of 1, we obtain 
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J bs + LC bi 3) ye 
Hence m= ) Ci Doe) eeecOtmsUit able mc me sO, 

Ps € BP “with all qe different. Therefore, we get that 
B = ) g for suitable group elements g « G. ce gq? e 

implies that the support of 8 forms a multiplicatively 


closed set) and, since finite, a) subgroup of Go the 


result follows. 
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2 Isomorphism invariants? of p-Groups 


Definition. Let G bea finite p-group. Then Ls is 
the number of (conjugacy) class sums kK _ such that there 


; 1 
exists a (conjugacy) class sum L with LP =k in co i 


Equivalently, Le is the number of conjugacy classes 


Kee suchetnat (i) Sib exe Kye there exists “jy 2 7G “such #chat 


xt 
yP = x and (ii) no conjugate z of y satisfies 

uh 
zP = <a 
Examples. oe = a = the number of conjugacy classes in G. 
Le = 0 when n> e, the exponent of G. 


We will prove in this section that if G,H are 
finite p-groups with oe 2 ee then the numbers de 
are the same for both G and H. We will first require a 
preliminary lemma and then a theorem describing the central 
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WG, WiC a= oy 


1 Al al 


m 
PROOD. BAS sil (37). lec 3 (3) = U 


Ss 


be a coset decomposition of alte with respect to G. 
and let G. = {Gy 1Gor---Git- ee Yi € 4(Z,6), 


( 


i i 
y = ) ae 2 Ogos , baie, sehen yP = ( ) CD geet g.)” + 
oF S.J j 12 a ee 
oe a i 
es a ay O Sites ae Kee by Lemma 5.5, where 16,5 € a 
and Kyre- Ky are conjugacy class sums with more than one 


all 
element. Note that each term K.P is e1ther zero-or a 
conjugacy class sum itself by Lemma 5.5 and, hence, 
ct 1 
Ry FOr “if, and (only =r, K.P satisfies the rules 


defining the numbers _... 


a 
i a 
Hence, yP Se Lee te ealiCm Ory mf () Ot 6 5595)" = 
Prana, sror a®given) conjugacy Cclacs 9 Ll, |) g ,P* = 
i 
summed Jover, all) such that the corresponding KE are 
i 
equal to L. The first condition amounts to } Oe a = 1 
5 a 
if s=1 and 0 otherwise. This represents a loss of 
UG) : CG.) degrees of freedom. The second condition 


amounts to an additional loss of Ls degrees of freedom. 


Hence a yeee(G))|l Boa (lis Gr) aaa 


COLO labywo. 17 Le £, are isomorphism invariants. 


Brook seein Z46 ae ZH, then [rs (G) | = [aegis 


DCG we F( HF) [37] and oa is the same in both G and H 


2 x 


(since the conjugacy class sums form a basis for the centre). 


Hence the hs are invariant. 
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In the case where G is a finite abelian p-group, 
Enosun tsmor Ade have also been determined by Raggi- 
Cardenas ([30],[31],{32]). More generally, he claims to 
have found the structure of the unit group of oes fOr =G 
a finite abelian p-group, but the proof of his main result 


seems to be incomplete. The breakdown occurs in the 


discussion of the following proposition: 


Proposition 5.8. Let G be a finite abelian p-group. If 
Koes) os ais) (Ch aiiabie: Yoke Vopeebere jor alge 94 9G, then every 
p 


oy except ,one 1S divisible by Jp. 


It would be interesting to know whether the above 
proposition is true or false. We will show it to be true 


in the case p= 2. 


PrOpos uti Oe 0. J uc Cw G wee wag NTLLOmoDe Vane cOUp mmo. 


x = ) ay is a unit of order 2 in Z,G, then every a 


4 g 


except one is divisible by 2. 


Proof. .We proceed by induction on |G|. Tf |G| = 2 
the result 1s. trivial» eso.we, assume lGie> 2. .scince 
(a + 2b)- = a“ (4), we may assume that all Oe are 


either 0 or 1. We may also assume that a, = Land yan 
that case, since (} nye = ) h*(2), there must be an odd 


number of group elements h of order < 2 with A. = Hise 


Choose ho eG “or order 2 such=cher cow he 0 and 


let H= {1,ho}. Such an ho exists by the above 
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argument. Since |G/H| gqgliGlgpand x is a unit of order 
s)z in §G/H, we have jx = 1+ 2s "for some. ss. We con— 


Glude that Be = eer =i, chen aa le also. 


Now let 2h be of largest possible order such that 
ee = 1 and assume that Ig, > 1. The term 25, appears 
LT (3) a9)" and it must cancel with something. Hence 
we must have Gt iz ky withpaeyk + 1,go, Rett ke igand 
Smokie F 1. By the argument in the last paragraph, 

a = oO = 1 and (2h) (kh. ) — ie Do also. Since 
beth the paig (%,k); andjthehpaar (th. ,kh.) contribute 


25, to cae the original 25, term does not cancel out. 


This contradicts x’ = 1. Hence (gla, = 1} = {1} and 


the proof is complete. 


oes Isomorphism over pradics 


Whitcomb (139) 7[43]) “proved that Wel ~G,H are finate 
metabelian,.,then .§ZG soeZHweesttplaes;, (Gyr ciourbaded)! 11) 
constructed two nonisomorphic finite metabelian groups 
GH,» with. EGE tonsa, fields Fs.) Wer would like to 
remark here that for Dade's groups, Zz, ~ ZH FOrRmtadL. 
primes p also. Hence, Dade's example yields two non- 
isomorphic finite metabelian groups with isomorphic p-adic 


integral group rings, £Loreall primes@ap. senepancicular, 


ZG 2 2H fOr fall p 74> 2G = 92H ~necessarily- 


tend doe tabr0 aidiaog daspual 2oved Pee 7. 
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CHAPTER 6 


Nonarchimedian Group Algebras 


In this chapter, we consider the possibility of 
allowing infinite sums in a group algebra when the ring of 
coefficients has a valuation. For instance, £4 (G) = 
{} agglo, auc; Lle,| <§o% ,wherebeGinte therfieldgor 
complex numbers and || is the ordinary absolute value, 
is well known. We will study the rings 2(R,G) = 
i) eg | 2 in Ua Ga = 0} where R is Z., or 2, 
equipped with the p-adic valuation. Our primary interest 
is in the algebraic properties of these rings, and many 
Obstne results in this) chapterecan be obtained for] 70(R,G) 
over more general valuation rings. In particular, if R 
eSa Cing and ya oh swe COulGderorn R = lim eae and 


2 
study RAG) - 


Many of the arguments used for group rings can also 
be employed to advantage here. In such cases, we will only 


sketch the proofs involved. 


Ll. fn DeSinrseions landsabasiciiacts 


Let G be a group, Q,, the rreld tof p-adic 
numbers and z the ring of p-adic integers. We define 


#(Q,+G) = {) agIl a, € Qn" ge G, lim og = Othe By 
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lim oe = 0, we mean that given any ec > 0, there exists a 
Panire subset oc (.)) eG pstich that = o cao) implies 
4 , -adi ; 
ee? < e€ where “Gs esethe p-adic valuation on 2 
written multiplicatively. It is straightforward to verify 
that £ (0,6) is a ring with pointwise equality, addition 
defined by } aod + ) B89 =) (a, “ Bg and multiplication 
Given by. ()} a.g) (j 6 = Su Nite ibbe ears TOA ve 
Yo old O59) Qeit o)s p lode a 84) (2/6) 

to be the subring of Oe) obtained by restricting the 


coefficients to be p-adic integers. 


In general, let I be a 2-sided ideal of a ring 


R with 1. Let R= lim R/I", that is, R= ere si 
—— 

© n be an : 

++ +X5/X1) e Te BL [x5 er 7 Li ras (X,) =k eae TOL ie 


n=1, 
where as : R/Ii > R/Ii-l is the natural homomorphism. 
"Beas 2(R,G}) = {) ee e G, Og = 8 a ey 
in R, only finitely many cad 7 10peL OL each Im iojr. 
7 


Most of our work will be done for the rings 
LQ, 16) and L(Z) 4G), but many of the results obtained in 


the p-adic integer case follow in the same way for 2£(R,G). 


The usual augmentation map e¢ : pNOR se) = 0, 
defined by «() geo ih es ) a, Makes sense since } ty 


converges (note that only countably many Og # 0 by the 


definition). In: particular, if we write: the 6 phon ol p ma 
p-adic decomposition a = y a4 Wersy then y or is the 
g T Gri g 
Jon 
iL 
limit of the partial sums }) } a 4iP - The kernel of 
g i=T f 
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the augmentation map, {) agg!) a, = 0}, is called the 


augmentation ideal and is denoted by a(2(Q,,G)). Coes 
easy to see that A(2(0 ,G = - 1 i 

NE ( (O,. Me) {) O14 (9 )}a, € Qn 
lim 5 = 0}. Unlike group rings, however, A ws not in 


general the ideal generated by {g- 1|g e€ G}. We will 
denote this latter ideal by T(2(Q,,6)). Lf eH De ced 
subgroup of G, we will require the right ideal generated 
by {h - 1|h e€ H} and this will be denoted by Ty, (2 (0, 
G) H)ép ff WH iswarenormal Gubgroupyof G,; T (2 (0,6) +H) 
is a 2-sided ideal which will be denoted by I(2(Q,,G) +H). 
This is again in general different from a(£(Q,+6) -H), the 
kernel of the natural epimorphism from L(Q, 6) Ie) 


Oe Oe 


Theorem 6.1. 2(Z,G) <— line Zi aG.. 
— p ee n 


i 


Proot, » let 9x = » 149 € L (ZG) SUNG), he = p 


aby ee 


a Define 06: OA ee =. lim pene. by @() X59) = 
- | 
(ere: oh a, 5? \Gr---) (ag yPt Ayo) 9 ») a 09) - Since 


only finitely many Oy have Voleg? ao om LOL an yiare, 


the right hand side of the above equation lies in 


lainmeZaiG)enatit aS casdly Seengthatg) 6 Missa rang 
<< 


p 
isomorphism. 
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2. Chain Condrtirons 


PEOPOSAt lone 6.2.0 Le (ZG) is right Noetherian, then G 
has the maximal condition on ‘subgroups... If £(Q, 6) is 
right Noetherian, then G has the maximal condition on 


subgroups. 


Proof. As in the group ring case, an’ increasing chain of 
subgroups H leads to an increasing chain of right ideals 


Tt (2 (RG) /H,) where R= 24 ope 16) 


Lemma 6.3 [14]. Let R be a commutative Noetherian ring 


ands ya. R. Then lim RYE is Noetherian. 
< 


4 
2 


Hence, we obtain: 


Theorem 6.4. Let G be abelian. Then the following are 


equivalent: 
(i) £(Z. 1G) is Noetherian 
(ii) £(Q, 7G) is Noetherian 


(iii) G is finitely generated. 


Proof. Assume (i). Let Jy e Jo Cue. OCA LCiuLy, 
ascending chain of ideals in 1 (0,,,G). Then Jy n L (ZG) e 
J5 n L (ZG) a Wes aactrichlyvascenuungechainect Lucas 
; A , : ¥ : : iS} 

in whZ gC) since x« J; J;_, implies pxe J; 0 


(2 (ZG) - Jey n Ze) For esuitab lewis. ose as) NOU 


possible, so (ii) holds. 
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Gor) implies (411) mbyerroposit1onwo.2. 


Now assume (iii). Then Z noses Noe ther lon 20G 
p 
each n [10]. It follows from Lemma 6.3 and Theorem 6.1 
that 4 (ZG) Sy bain YA n& is Noetherian. This completes 
< 


the proof of the theorem. 


We proceed to investigate when £(Q, 46) can be 


AOL tive 


Proposition 6.5. The following conditions are equivalent: 


(is) (2,4) is prime 
(abst) on) is prime 
(iii) G has no finite normal subgroups. 


Proof. Assume (i) is true. Let I,J be ideals of 
2 (076) with) ld =e then! (ren (Z,G)) (J 0 (2. »G) = ii. 
Hence either I n  (Z,46) =O) "5Or Ua (216) =_.0.. It 


Eolvows, that. 1. =.0. or. 7d = 0. 


Next assume (i121) £o be true. dtae | TEC SP (ES keisha 


is finite, then I1(2(Q_,G),H) ( } h) = 0 and hence 
Pp heH 


(2 (Q,/G) »H)<} he = 0. This is’ a contradiction. 


Finalidy, assume (10) sto berlCrue anda le Cael, umn le 
ideals of L(Z, 1G) With Id = 0.) In the momemorphic image 


2(Z_,G) 
: Pp 
p (p) 


Wea vCon ies nm od nce ZS is prime 
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[lO] ee Ge ORF Or d= =O. seen commit em pM more ia t(D) te 


Save Tec (p*) _ gery awl 7 (p®) pA ey 
and -let S3le micice L(G) |prx Col Sap ati) ee 
£(ZG) [pox puis welhens tes and “Je “are, ideals: of 
L(Z +6), I'd' = 0 and I' ¢ (p), J' ¢ (p). This is a 
contradietion unless TIA] 0F or J = 0. 


Using Proposition 6. > ands copying tnesprool of tic 
group ring case [10], we obtain the result for Artinian 


rings: 


Theorem 6.6. pe) SSeArtiniany if, and «only i,. so 1s 


fara er, 
Shey Radicals 


In this section, we mention the prime radical and 
the Jacobson radical of L (Zr) and 1(Q,46) - The study 
of the Jacobson radical of £(Q, 6) seems to be difficult, 
but the problem of determining the Jacobson radical of 


(ZG) reduces to a group ring problem by the following: 


Proposi Liomeomi. @elet 00h) ))eeee ber ingemwa tin andyeee 


i 
R; > Ri be epimorphisms. Then J (Lim R,) = lim J(R;) 
where by Lim J(R;) we mean {(..-0ir---or¥,) € 
Tote Ree eens Ree) ke Ol, wee eae ae meee 
es i m m 
Proof. Since each R; is a homomorphic image of lim Rj, 
a a 


J(lim R,) ee 1m J(R;) follows with no difficulty. 
oo < 


Conversely, observe that lim J(R;) is an ideal of 
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lim Ris namely the ideal consisting of all sequences 
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the proof. 
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ring reduction goes through, so we may assume that G is 


a torsion FC-group with an element of order p. 


an Idempotents 


Proposition 6.9. Let G be locally nilpotent. Then 
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Theorem 6.10. Every central idempotent in 4 (ZG) has 


finite support group. 
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OZ, G) 
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finite support group HH. 
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CONVeGESe Vy aeli = x, Ve (2,6) satisfy xy = Da for some 
r, then (p-x)y = 1. Hence the problem of determining 
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generated torsion-free nilpotent group, then & a" (2 (Q,,6)) 
= 0. This result for group rings over the rational number 
field goes back to Jennings [21]. We use the induction 
technique of Formanek [12] and present the proof for G 
an infinite cyclic group. The rest of the argument, being 


identical with that of Formanek, will be vomitted. 
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Then an a" (2 (0,46)) = 0. 


n 
PROOE. g.oUDDOSe ys xX auin a" (20,46). Using the identity 
—e n 
2 
Vee ee ee) ee ipo we can write 
x = y as (g Aye a ) ier - ieee = ) a.(g = live 
1 1 Pipes 


j ta; + (-1)*8,9°*) (g - 1)*. 


be 


ivi 
B,(-l)"g “(g - 1) 


Sal th 


Also; since a” (2 (Q,46)) =a) Hepes 1)72 (0,46), we can 


write Px =Pigq - ace for each | n. 
Because g- 1 is not a zero divisor, we conclude 
ih a * 
that a, 7 B49 S ACaNOR GS?) and hence a, - By = (0 
ah =a! i 
Therefore, a, ~ 849 = 849 (g ib) FS 


Again, ,alvidingpby (dae Ae we obtain that 
oll -2 3 a. 
B49 + 5 + Bog € IREMOL ae), and hence 5 = B. = By: 
Continuing this procedure, we get at the mext step 


a. 7 B3 = By + 285. 


| tat sits ies sores SRG a 
pated  tromup ts edd to yeox eT .quorp SilDy> veiatiet\an 


sbadsimo od Lliw ,aensmiet to said Ad iw ievbyaobk 


rid 


ite 
.quoxrp yen etiattat me ed “p> = 9 ted 


0 = (2, spray te 8 nedT 


-((0.,0)0)%0 9 > x, Seoqmue  -Zo0at 
Sas yw ++ geen * 


yitdasbt ot pte’ 


etisw aso ow 


+ *(n- aye | s Wa - py 3 ( + er - pljr ( = * 


\‘ 


ft i- £. iS k Pars it- £ 1+) Bs 
*4t"= ph pati) + 20) {- (I+ a ee Fae 


aa ow (24,000 - p) = (484.0) 4) gonte ,oelA 


sm does to® earn ~p) =x osdtiw 


shulongo ew ,tosivib ores s Jon ei L- p seusDod 
> je sotied Bag ( (2,0) 004 > Rpt +p 
i¢t = wit” 


m teat 
«0 1° sei 


ea = —T - 2 


| detit aipado ow "Ut =v) yd pakbiveb yriepA | 
: i ; 


S~ 


—* si * ¢° soaed brs eas ele 2, gh * sf ? oy 
Y te f ‘ 
ij | : | ag i vd “ Cle 2 ' : 
| , rt | i | bb - , 
vs" ity er > oes a he te eT, 
Tomeips Oi wn Wh . ; | y . 


4 


Pea die! 


“o 


,StotstedT — 


Bate 


a 


a) 


US 


In general, we may conclude that a + (eats = 
Ser 1 jy rn, 2°2 se GAG GF Senet er where the Te eee S 
integers satisfying 

Che eae = aie 

( 2a) rime + Saath = ae eon Mone 9) Me Shomd Bele ea 

ota Be EAGER eis Sp 


We proceed to prove that these relations imply that 
Bee) Ome O a calle 5 using the fact that only finitely 


many Be can have p-adic value greater than a. Lor, any 
p 


Given any natural number s, we can choose n =n 


such that. Vv (a) < +. and v (6) < a iene dahih sh = Sets 


p p 
TMS) Gib 4 8 (amen 8 Aa oe ep = ee ey 
Dp) nd n+1 n ee ae | ij 
ieGrak n - 
Bioroyp ENR Sag ey Ae UE es Srey a raga ao) 
De a? SS al sees eal i Cn+i,n’n iY relied! ¥ The eka 
= - - oe + 
enone Peele 2 eS ene ered Patent n 
oe neZ 
(DVaL(@in) meanice (ai)))) ies, oh ey oe (-1) Boe erty 
n+1 
= ce oe Cee ae + 
SA Tein Sacutl, shay aan ale enh ree meal 7 


aL 
where va < eaihs 


p 
Adding, we conclude by using (i) and (ii) that 
n n+1 aay eZ es 
rohan Ore esas aia Pure ota erage hon eeu) Be oe Pn+2 
Ve 8B, + x 8B, + + 1 B + y where v_ (y) < S . 
aah SS! tea i n,n-3 n-l p S 


g = me 22 & tor reese” = @.t-nt + aap e (ti) +; ; 


tend ySqmt enotsslex seodd+ tedt+ Svexq ot bagsoxq ow 
Yledintt ylno sed? jos? ot gotew 4 Tie got O = ,8 
vos xot =* nag 936870 eulsvy oths~q eyed mBbo #3 yetson at 
i | 


2 Boxk? 


gt = 4 ge00fd n&s Sw ye tedmun Lsiitan yaé nevio 


ane aed Mantas, a 
“sm If. x02 ‘i ee bas — on) g¥ tedt dowe 4 


: 
wor = > esr (Ly 4 ae ea + pea gv nett 
; q 7 : a 
ith bled Ci } 
bi So Jreq7 i ee st (ish + a” 7 Lei ti=) + L+n” . 
+ *** + stg; a” + £"L, a” + ain tint * Lair" ae Loa e 4 + eee al 


nny ita* * £0 “if Sma) ere eg a? 7 Seta” * ted tang | Oe 


Pirin Fl au icc ye gage sOeLA. CC EE) Boe (2) ye) 
' 0 . e +1 
Maen ceni bent “sth eh erent Bet, ae has 7 
| | | = We v eee 
| iy. bo iis 
(be) i (4) oats tno, seni a 
* $4 *u) * s4n® + toatl eed 4g * af tod +e oa 
“ (gy are Cees ses 7h pevat et ar x 
. 
: 7 ve i ee } 


- ov" iy ; ; 
® . " » 
>) i) Sonne 2 | jae Ry 7 14 Se a ve eee ee 


7 


76 


Proceeding in this manner, we obtain an expression 
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